
















































































































































































































































































































































































































































































































































































































































































































































































































































396 Removal of Particles from Gas Streams Chap. 7

chamber overwhelms the tendency of the particles to settle and maintains a uniform
particle concentration vertically across the chamber. Removal by settling can be assumed
to occur in a thin layer at the bottom of the chamber.

7.2.1 Laminar Flow Settling Chamber

In the laminar flow settling chamber the gas velocity profile is parabolic, as shown in
Figure 7.2, and as a particle below the center streamline settles, it encounters fluid
moving more slowly, and thus its residence time in the chamber increases over what it
would have been on the higher streamline. Conversely, particles initially above the cen­
ter streamline encounter faster moving streamlines as they fall until they pass the center
streamline.

Consider the laminar flow settling chamber shown in Figure 7.2. The gas velocity
profile for laminar flow between two parallel plates separated by a distance H with the
centerline of the chamber taken as y = 0 is

(7.7 )

where Ii is the mean velocity across the plates. We assume that particles are introduced
uniformly across the entrance to the channel at concentration No.

There will be a critical height y* such that a particle of diameter Dp initially at x
= 0, y = y* will be at y = - H /2 at x = L. This particle will be the "last" particle of
diameter Dp collected in the device. Particles of diameter Dp that entered the chamber
above y = y* will not be collected; clearly, the value of y* depends on the particular
Dp of interest. This "last" particle collected takes time tf to fall a vertical distance y*
+ H/2. Since VI is a constant,

y* + H/2
tf = (7.8 )

The vertical position of the particle at any time after entering the chamber is given
by dy / dt = vy = - V" which can be integrated to give

y = y* - vlt

The horizontal position is given by dx / dt = vx ' or

dx = Ii rI _ (y*
dt 2 L H 2

2 L-------

(7.9)

(7.10)

Figure 7.2 Laminar flow settling chamber.
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where the local horizontal velocity of the particle is that of the gas (7.7). Integrating
(7. 10) from the entrance to the exit of the chamber, we obtain

(7.11 )

(7.12 )

where (3 = 2 v)3u and a = HI L.
To determine the expression for the collection efficiency, we need to compute the

fraction of particles of a size Dp that is collected over a length L. The flow of particles
into the chamber, in number of particles per unit time, for a chamber of width W, is

The number of particles collected per unit time is that portion of the inlet flow of particles
between y = -H12 and y = y*,

[v* Nou,(y)WdY=NoW[v* u,(y)dy
J-11/2 J-11/2

Therefore, the collection efficiency is just the ratio of the flow of particles collected to
the total inlet flow,

NoW [v* ur(y) dy
J-11/2

'I/(Dp ) = NouWH

1 lV'= -= u,(y) dy
Hu -11/2

Using (7.7), (7.13) becomes

1 3 y* (y*)3'I/(D) = - + ~ - - 2 -
p 2 2 H H

(7.13)

(7.14)

We now have two equations, (7.12) and (7.14), for the two unknowns (Y*IH)
and '1/. We can simplify these further by letting z = t + (y* I H). In doing so, (7.12)
becomes

(3 2 4 3
- = 2z -"3 z
a

Similarly, (7.14) can be expressed as

YJ(Dp ) = 3z 2
- 2z 3

(7.15)

(7.16 )
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Combining (7.15) and (7.16), we see immediately that

3{3

2et

= vtL
liH

(7.17 )

This is the equation governing the collection efficiency of a laminar flow settling
chamber that consists of two parallel plates of length L separated by a distance H, with
a mean gas velocity of u.

To evaluate the efficiency of the laminar flow settling chamber, we need only to
determine the settling velocity V t • If the particle is sufficiently small to be in the Stokes
law regime, then Vt = ppgD;'/18p., as derived in (5.30). Because of the large particle
sizes of interest, we need not include the slip correction factor. For particles that are too
large for Stokes' law to apply, the terminal settling velocity can be determined using the
drag coefficient, as outlined in Section 5.3.4.

Example 7.1 Efficiency ofa Laminar Flow Settling Chamber in the Stokes Law Regime

Consider a settling chamber for which H = 0.1 m, L = 10 m, U = 0.1 m S·l, and PI' = I
g cm- 3 • At 298 K, Vair = 0.15 cm2 S-l and p. = 1.8 X 10-4 g cm- l

S·I. Under these
conditions the Reynolds number for the channel flow is 667, so laminar flow conditions
exist. From (7.17) and (5.30) we find that'll = 0.03024 DJ" with Dp in p.m. Thus, for these
particular conditions, the collection efficiency depends on particle diameter as follows:

Dp (/lm) 'I (Dp )

1.0 0.03
2.0 0.12
3.0 0.27
4.0 0.48
5.0 0.76
5.75 1.0

Thus all particles with diameter exceeding 5.75 p.m are totally collected in this chamber.

7.2.2 Plug Flow Settling Chamber

The second type of flow situation we consider is that of plug flow with no vertical mixing
of particles. We assume that the particles are distributed uniformly across the entrance
to the chamber. Whether a particle is collected is determined solely by the height y at
its entrance above the collecting surface. A critical height y* can be defined such that
all particles entering with y ~ y* are collected and those for which y > y* escape
collection. The collection efficiency is then just
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which is precisely the expression (7.17) obtained for the laminar flow settling chamber.
Thus, in the parabolic velocity profile case, even though the particle falls across stream-

lines with different velocities, the overall effect is as if the particle were simply falling
across streamlines all having a velocity equal to the mean velocity of the flow.

7.2.3 Turbulent Flow Settling Chamber

The flow in a rectangular channel can be assumed to be turbulent if the Reynolds number
Re, > 4000 (McCabe and Smith, 1976, p. 52). For a duct the Reynolds number can be
defined as Rec = 4 rHup I fl, where rH is the hydraulic radius, defIned as the ratio of the
cross-sectional area to the perimeter. Thus, for a duct of height H and width W, rfl =

HWI [2 (H + W)]. The average velocity u is just the volumetric flow rate Q divided
by the cross-sectional area HW. If the duct contains N horizontal plates, each space
receives a volumetric flow of Q IN and has a height HIN(neglecting the effect of plate
thickness). The Reynolds number for the flow in each space is then

2Q
Re = -----.--

C v(H + NW)

The turbulent flow settling chamber is shown schematically in Figure 7.3. In the
laminar flow settling chamber just considered, particles settle at all heights above the
floor of the chamber, the key to the analysis being to calculate the overall residence time
of the particles as they fall across streamlines. The mechanism of collection in a turbu­
lent flow settling chamber is, although ultimately based on the settling of particles under
gravity, rather different from that in the laminar flow chamber. The difference is due to
the turbulent flow in the chamber. In the bulk flow in the chamber, turbulent mixing is
vigorous enough so that particles are overwhelmed by the flow and do not settle. We
shall assume that the turbulent mixing maintains a unifonn particle concentration over
the height of the chamber. Very near the floor of the chamber a thin layer can be assumed
to exist across which particles settle the short distance to the floor. Thus, once a particle,
vigorously mixed in the core of the flow, enters this layer, it settles to the floor.

Consider a particle close to the wall. In time dt the particle travels forward a
distance dx = udt, where u is the mean velocity of the flow in the chamber. (Thus, we
assume that the mean velocity uextends into the layer in spite of the absence of turbulent
mixing in the layer.) During the time interval dt the particle settles a distance dy = {II

dt. Therefore, the distances dx and dy are related by dy = VI dx lu.

dy
________ --1- _

dx

""r-..--------L---------·I Figure 7.3 Turbulent flow settling chamber.
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In order to develop an overall design equation for the turbulent flow settling cham­
ber, let us fonn a particle balance over the vertical section dx in Figure 7.3. At the
entrance to the section dx there is a unifonn distribution of particles across the entire
chamber. The fraction of particles in the thin layer of thickness dy is just dy / H. Since
dy was defined in tenns of dx such that dx is just the distance a particle moves in the
horizontal direction while it falls the distance dy, all particles in dy are collected over
the distance dx. Thus the fraction of particles collected in dx is dy / H = V t dx /u H.

If the cross-sectional area of the device is A" a particle number balance over the
section dx is

(7.18 )

(7.19)

The left-hand side of (7.18) is the difference in flows in particles s-1 into and out of the
volume Ac dx, and the right-hand side is the number of particles s- I removed in that
volume. Dividing by dx and taking the limit as dx -t 0 yields

dN = _ ~N
dx uH

If the particle number concentration at the entrance to the chamber is No, then

(
-V x)

N(x) = No exp ulI (7.20)

Note that this equation holds for particles of each diameter since the particles are as­
sumed not to interact with each other. Particle size dependence enters through the set­
tling velocity Vt. Thus, if desired, we can indicate the particle size dependence of N
explicitly by N(x; Dp ), where N is strictly the number of particles in the diameter range
(Dp , Dp + dDp ).

The collection efficiency of a settling chamber of length L is

= 1 ( VtL)
exp - liH (7.21 )

We can express the collection efficiency explicitly in tenns of particle diameter for Stokes
law settling as

(7.22)

where Q = uHW, the volumetric flow rate of gas through the chamber, and W is the
width of the chamber.

We note a rather fundamental difference between the collection efficiencies for the
settling chamber for laminar (and plug) and turbulent flows. The laminar flow collection
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I<"igure 7.4 General collection efficiency curves for settling chambers (Licht, 1980).

efficiency (7.17) predicts that f/(Dp ) = 1.0 for all particles large enough that VI 2:

l.iH/L. If VI - D~, the Stokes law case, then f/(Dp ) versus Dp is a parabolic curve. On
the other hand, in the case of turbulent flow (7.22), TJ (Dp ) approaches 1.0 asymptotically
as Dp -+ 00. These features are illustrated schematically in Figure 7.4. The abscissa of
Figure 7.4 is the group (vIL /I.iH) I/2, which for Stokes law settling is directly propor­
tional to Dp . Collection efficiency curves for actual chambers tend to have the S-shaped
behavior of the turbulent flow curve in Figure 7.4 since any real unit will exhibit some
degree of mixing in the flow.

Example 7.2 Design of a Turbulent Flow Settling Chamber

Determine the length of a settling chamber required to achieve 90% efficiency for 50-/Lm
particles of density 2.0 g cm- 3 from an airstream of 1 m3 s -1 at 298 K, I atm. The chamber
is to be I m wide and I m high.

We first evaluate the Reynolds number for the chamber to determine if the flow will
be laminar or turbulent.

Hup Q
Rec = -- =-

/L Wv

Using v = 0.15 cm2
S-I, Q = 106 cm3 S-I, W = 100 em, we find Rec = 6.67 X 104 Thus

the flow will be turbulent.
Now we need to determine the settling velocity of a 50-/Lm particle under the con­

ditions of operation. We do not know ahead of time whether Stokes law will be valid for
particles of this size, so to be safe we will determine the settling velocity using the drag
coefficient. From (5.54), Ga = CD Re2

, where Re is the particle Reynolds number, we can
determine the value of Ga and then from Figure 5.6 we can determine the value of Re at
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that value of CD Re2
• An alternative is to use (5.55) and (5.56). We will use Figure 5.6.

The Galileo number in this problem is

12.1

From Figure 5.6, at this value of CD Re2
, Re = 0.7 and VI = 21 cm S-I.

The length of the chamber can be determined from (7.21),

L=
uHln(1-'Y/)

11m

If we had used Stokes law to calculate the settling velocity and (7.22) for the efficiency,
the chamber length predicted would have been 15.2 m. Thus we see the effect of the fact
that Stokes law is no longer strictly valid for 50-p,m particles under the conditions of this
example.

7.3 CYCLONE SEPARATORS

Cyclone separators are gas cleaning devices that utilize the centrifugal force created by
a spinning gas stream to separate particles from a gas. A standard tangential inlet vertical
reverse flow cyclone separator is shown in Figure 7.5. The gas flow is forced to follow
the curved geometry of the cyclone while the inertia of particles in the flow causes them
to move toward the outer wall, where they collide and are collected. A particle of mass
mp moving in a circular path of radius r with a tangential velocity LJo is acted on by a
centrifugal force of mp v~ / r. At a typical value of Vo = 10 m s-1, r = 0.5 m, this force
is 20.4 times that of gravity on the same particle. Thus we see the substantially enhanced
force on the particle over that of settling alone that can be achieved in a cyclone ge­
ometry. In a cyclone the particles in the spinning gas stream move progressively closer
to the outer wall as they flow through the device. As shown in Figure 7.5, the gas stream
may execute several complete turns as it flows from one end of the device to the other.
One way to pose the question of the design of a cyclone separator is: For a given gas
flow rate and inner and outer radii, how long must the body of the cyclone be to ensure
that a desired collection efficiency for particles of a given size be attained? Since the
length of the body of a cyclone is related through the gas flow rate to the number of
turns executed by the gas stream, the design problem is often posed in terms of com­
puting the number of turns needed to achieve a specified collection efficiency.

There are a variety of designs of cyclone separators, differing in the manner in
which the rotating motion is imparted to the gas stream. Conventional cyclones can be
placed in the following categories:

1. Reverse-flow cyclones (tangential inlet and axial inlet)
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2. Straight-through-flow cyclones

3. Impeller collectors

Figure 7.5 shows a conventional reverse-flow cyclone with a tangential inlet. The
dirty gas enters at the top of the cyclone and is given a spinning motion because of its
tangential entry. Particles are forced to the wall by centrifugal force and then fall down
the wall due to gravity. At the bottom of the cyclone the gas flow reverses to form an
inner core that leaves at the top of the unit. In a reverse-flow axial-inlet cyclone, the
inlet gas is introduced down the axis of the cyclone, with centrifugal motion being im­
parted by permanent vanes at the top.

In straight-through-flow cyclones the inner vortex of air leaves at the bottom (rather
than reversing direction), with initial centrifugal motion being imparted by vanes at the
top. This type is used frequently as a precleaner to remove fly ash and large particles.
The chief advantages of this unit are low pressure drop and high volumetric flow rates.

In the impeller collector, gases enter normal to a many-bladed impeller and are
swept out by the impeller around its circumference while the particles are thrown into
an annular slot around the periphery of the device. The principal advantage of this unit
is its compactness; its chief disadvantage is a tendency toward plugging from solid
buildup in the unit.

Cyclones can be constructed of any material, metal or ceramic, for example, that
is capable of withstanding high temperatures, abrasive particles, or corrosive atmo-

Outer
vortex

Dirty
air

inlet

Outer
vortex

Inner
vortex

~... ~
Clean air outlet

,"HI//

Body

Inner
cylinder

,/

IHV,
Dust outlet

Figure 7.5 Tangential inlet vertical re­

verse flow cyclone.
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Q

Particle
traj ectory

Particle hits outer
wall at 8 = 8 t

x
'Figure 7.6 Trajectory of a pa11icle in one­
half complete tum of an ideal flow cyclone.

spheres. It is necessary that the interior surface be smooth so that the collected particles
may slide easily down the wall to the hopper. There are no moving parts to a cyclone.
so operation is generally simple and relatively free of maintenance. Their low capital
cost and maintenance-free operation make them ideal for use as precleaners for more
efficient final control devices, such as electrostatic precipitators. Although cyclones have
traditionally been regarded as relatively low efficiency collectors, some cyclones cur­
rently available from manufacturers can achieve efficiencies greater than 98 % for par­
ticles larger than 5 {tm. Generally, cyclones routinely achieve efficiencies of 90% for
particles larger than 15 to 20 (tm.

Consider a particle entering tangentially onto a horizontal plane of a spinning gas
stream at r3' as shown in Figure 7.6. Because of a centrifugal force of mp v~ / r, the
particle will follow a path outward across the flow streamlines. Its velocity vector will
have a tangential component (ve) and a radial component (v,), Because the flow is
actually into the page, there is an axial component (vJ also. The velocity of the spinning
gas is assumed to have only a tangential component, Ue, with U, = O. Tangential gas
flows of this type usually are of the form Ue r n = constant. As we will see shortly, for
an ideal fluid in such a vortex flow n = 1, although in real flows the value of n may
range downward to 0.5. We begin our analysis of cyclone performance with the case of
the ideal flow, which we will refer to as the laminar flow cyclone. Then we consider the
turbulent flow cyclone in which, as in the case of the turbulent flow settling chamber,
mixing in the flow maintains a uniform particle concentration at any tangential position
in the cyclone. Since both of these represent idealized cases that are not attained in real
cyclones, we tum finally to a semiempirical theory that has been widely used in practical
cyclone design.

7.3.1 laminar Flow Cyclone Separators

The so-called laminar flow cyclone does not have laminar flow in the sense of the laminar
flow settling chamber, but rather a frictionless flow in which the streamlines follow the
contours of the cyclone as shown in Figure 7.6. The velocity in the case of ideal flow
is given in (r, (J) coordinates as (Crawford, 1976, pp. 259-262)
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Q
ue = u = ---=--

Wr In (rzlr,)

405

(7.23)

where the entering flow is through a rectangular slot of area W(r2 - rl)·
To determine the collection efficiency consider a particle entering the cyclone at r

= r3 that strikes the wall at Of. The particle's velocity components at any point on its
trajectory are V r and Ve. The radial velocity component is the terminal velocity of the
particle when acted on by the centrifugal force Fe = mp v~ / r, which, in the case in
which the drag force can be given by Stokes law, is

Fe ( )V = -- 7.24
r 37r!J-Dp

Since the O-component of the particle's velocity is that of the fluid, Ve = Ue, and

7r 3 Q2
= - ppDp 2 2

6 W r3 (In r2! r\)

Thus, combining (7.24) and (7.25), we obtain

ppQ2D~

(7.25 )

(7.26 )

(7.27)

We now want to obtain an equation for the trajectory of a particle in the cyclone.
The distance traveled in the O-direction in a time interval dt is Ve dt = r dO. Also, the
distance the particle moves in the r-direction in time dt is dr = V r dt. Then over a time
interval dt, r dO! Ve = dr! v r . From this relation we have

r dO = Ve

dr V r

and substituting the expressions for Ve and Vr gives us

d8
dr

l8!J-Wln (rdr,)r

ppQD~
(7.28 )

(7.29)

a differential equation describing the particle's trajectory. If the particle enters the device
at r = r3 and hits the outer wall at 8 = 8f , then integrating (7.28) gives

_9!J-Wln(rdrd( 2 2)
8f - QD 2 r2 - r3

Pp p

Conversely, we can solve (7.29) for r3 to find the entrance position r3 of a particle that
hits the outer wall at 0 = Of'

l P QD
2
8 JI /2

2 p p f (7.30)
r3 = r2 - 9!J- WIn (rd r,)
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We can now detennine an expression for the collection efficiency of a cyclone.
Assume that the cyclone has an angle Of. All particles that enter the cyclone at r 2: r3

hit the wall over 0 :5 0 :5 Of. If the entering particle concentration all gas velocity are
unifonn across the cross section, the collection efficiency is just that fraction of the
particles in the entering flow that hits the outer wall before 0 = Of'

= r2 - r3
1]

which is

The value of Of at which 1] = 1 is the value of Of when r3 = r 1,

(7.31 )

(7.32 )

(7.33 )

(7.34 )

We had earlier noted a comparison of the centrifugal force acting on a particle to
that due to gravity. Using Fe from (7.25) and Fg = (7f /6) ppD~g, we obtain the ratio
of the centrifugal to gravity force as

Fe Q2

Fg gr3W2 1n (r2/ r\)2

which, as can be shown, for typical cyclones, Fe!Fg » 1.

7 .3.2 Turbulent Flow Cyclone Separators

The model of the turbulent flow cyclone separator is shown in Figure 7.7. Because of
turbulent mixing the particle concentration is assumed to be unifonn across the cyclone,
and, as in the case of the turbulent flow settling chamber, removal occurs across a thin
layer at the outer wall. For lack of a better approximation, we continue to use the in­
viscid gas velocity components given by (7.23) to represent the fluid velocity field in
the turbulent flow cyclone. Thus the key difference between the laminar and turbulent
cyclones relates to the assumption made concerning particle behavior in the cyclone.
The distance a particle travels in the O-direction in the laminar sublayer over a time
interval dt is ve dt = r2 dO, where we can evaluate Ve at r = r20 For the particle to be
captured across the layer of thickness dr, dr = Vr dt = vrr2 dO / Ve, where Vr is also
evaluated at r = r20

To derive an expression for the change in particle number concentration with 0,
we perfonn a particle balance over the sector of angle dO. The fractional number of
particles removed over dO is just the fraction of particles that are in the boundary layer,
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Figure 7.7 One-half complete turn of a
turbulent flow cyclone.

(7.35 )

(7.36 )

where we need not include the product of mean velocity and cross-sectional area since
it appears on both sides of the equation. Using dr = Vf"2r2 dOlve, dividing by dO, and
taking the limit as dO approaches zero gives us

dN = _vr2~N
dO vel G- ri

where vel is Ve at r = r2. This equation is to be integrated subject to N = No at 0 = O.
The result is

(
vn 2r~ )N(O) = No exp --,.; _ ?, 0
vel 2 1

The collection efficiency of a cyclone that has an angle Of is

N(Of)

Using the explicit expressions for the two velocity components,

(7.37)

(7.38 )

(7.39 )

(7.40)
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we can express the collection efficiency in terms of the physical variables of the cyclone,

(7.41 )

This equation can be inverted to determine the angle of tum Of needed to achieve a given
collection efficiency for a given particle size.

7.3.3 Cyclone Dimensions

Cyclolle collection efficiency increases with increasing (1) particle size, (2) particle den­
sity, (3) inlet gas velocity, (4) cyclone body length, (5) number of gas revolutions, and
(6) smoothness of the cyclone wall. On the other hand, cyclone efficiency decreases with
increasing (1) cyclone diameter, (2) gas outlet duct diameter, and (3) gas inlet area. For
any specific cyclone whose ratio of dimensions is fixed, the collection efficiency in­
creases as the cyclone diameter is decreased. The design of a cyclone separator repre­
sents a compromise among collection efficiency, pressure drop, and size. Higher effi­
ciencies require higher pressure drops (i.e., inlet gas velocities) and larger sizes (i.e.,
body length).

The dimensions required to specify a tangential-entry, reverse-flow cyclone are
shown in Figure 7.8. In classic work that still serves as the basis for cyclone design,
Shepherd and Lapple determined "optimum" dimensions for cyclones. All dimensions
were related to the body diameter Dc. A common set of specifications is given on the
right-hand side of Figure 7.8. Other standard cyclone dimensions are given by Licht
(1984) and Cooper and Alley (1986). The number of revolutions that the gas makes in
the outer vortex can be approximated by

where the dimensions are shown in Figure 7.8.
Besides collection efficiency the other major consideration in cyclone specification

is pressure drop. While higher efficiencies are obtained by forcing the gas through the
cyclone at higher velocities, to do so results in an increased pressure drop. Since in­
creased pressure drop requires increased energy input into the gas, there is ultimately an
economic trade-off between collection efficiency and operating cost. A simple pressure­
drop equation for cyclones is given by Cooper and Alley (1986). Cyclone pressure drops
range from 250 to 4000 Pa.

7.3.4 Practical Equation for Cyclone Efficiency

We have analyzed the collection efficiency of a cyclone assuming that the particles be­
have as if they are in either a laminar or a turbulent flow. Actually, the flow pattern in
a cyclone is a complex one, and the two models that we have presented represent ex­
tremes in cyclone performance. Although a Reynolds number for a cyclone can be de-
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Be =De/4

De =De/2

He =De /2

Le =2 Dc

Se = De/8

Ze = 2 Dc
Ie = Arbitrary, usually Dc /4
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Figure 7.8 Geometric specifications for the design of a cyclone separator. The dimen­
sions given on the right-hand side of the figure are those of the classic design of Shepherd
and Lapple. This particular set of specifications appears in Perry's Hanc ?ok (Perry and
Chilton, 1973; Figure 20-96, p. 20-82); reprinted by permission ofM, iraw-Hill Pub­
lishing Company.

fined as Recv = (p U / JJ-) (4A c lJr )1/2, where Ac is the cross-sectional area so that
(4 Ac / 7r) I /2 "is an equivalent diameter, and for the velocity it is sufficient to use u =

Q/ W (r2 - r,), a characteristic velocity in the cyclone, a precise criterion for transition
from laminar to turbulent flow in a cyclone does not exist. The laminar flow theory
predicts a well-defined critical value for the smallest particle size that may be collected
completely, whereas the turbulent flow result gives an asymptotic approach to complete
collection as particle size increases. Experimentally determined collection efficiency
curves generally approach 100% efficiency asymptotically and thus appear to conform
more closely to turbulent than to laminar flow conditions. Since operating cyclones do
not conform to either of these limiting cases, one must resort to semiempirical design
equations to predict cyclone performance.

There has been a great deal of effort devoted to predicting the performance of
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cyclones. Our primary goal in this section has been to present the general theoretical
approaches to the problem so that the various analyses in the literature will be accessible
to the reader. Surveys of design equations are available elsewhere (see, e.g., Bhatia and
Cheremisinoff, 1977; Licht, 1980, 1984). We will present one such semiempirical de­
sign equation that has been applied successfully to cyclone design.

If the flow can be considered to be one of the two limiting cases analyzed above,
the collection efficiency may be computed as shown earlier for a given geometry, flow
rate, and number of turns. Practical design equations are generally derived by consid­
ering the particle trajectories under more realistic assumptions concerning the flow in
the cyclone.

A theory developed by Leith and Licht (1972) has proved useful in practical cyclone
design. In that theory, account is taken of the fact that the velocity profile in a cyclone
usually does not adhere strictly to the ideal form (7.23). As we noted, a more general
form of the velocity profile is Uo r" = constant [( 7 .23) is n = 1], where experimental
observations indicate that in a cyclone n may range between 0.5 and 0.9, depending on
the size of the unit and the temperature. It has been found experimentally that the ex­
ponent n may be estimated from (Licht, 1980, p. 239)

(
T )0.3

n = 1 - (l - 0.67D~14) 283

where Dc is the cyclone diameter in meters and T is the gas temperature in kelvin. The
collection efficiency is given by

(7.42 )

where N = 1/ (n + 1) and

lKQ pp(n + I)JNI2
M=2 -3----

Dc 18it

where Dp is in em, Pp is in g em -3, Q is the gas volumetric flow rate in m3 s -1, it is in
g cm- 1

S-l and K is a geometric configuration parameter that depends only on the rel­
ative dimensions of the unit. For the relative dimensions suggested in Figure 7.8, K =

402.9; for other dimensions the values of K are given by Licht (1980, 1984). The cal­
culation of K is explained by Leith and Licht (1972) and Licht (1980).

Example 7.3 Cyclone Collection Efficiency

Three design equations for cyclone collection efficiency were presented in this section. We
wish to compare the collection efficiencies predicted by each approach. To do so, consider
a cyclone having W = 4 m and Q = 20 m3 S-I, inner and outer radii of 0.5 m and I m,
respectively, and an angle of tum of 12 7l". Assume that the particle size range of interest is
from I to 30 /tm and that the particles have a density of 2 g cm -3. The relative dimensions
of the cyclone are those suggested in Figure 7.8. Assume T = 293 K.

Figure 7.9 shows the collection efficiencies for this cyclone predicted by the laminar
flow theory (7.32), the turbulent flow theory (7.41), and the theory of Leith and Licht
(7.42). We see that the laminar flow theory, which is based on computing particle trajec-
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Figure 7.9 Collection efficiency curves for the conditions of Example 7.3 based on
assuming laminar flow, turbulent flow and using the Leith and Licht equation.

tories across the entire device, predicts that particles largcr than about 15 /tm are totally
collected. The other two theories predict an asymptotic approach to complete collection
with increasing particle diameter, a type of behavior that conforms to that observed in
operating cyclones.

7.4 ELECTROSTATIC PRECIPITATION

Electrostatic precipitators are one of the most widely used particulate control devices,
ranging in size from those installed to clean the flue gases from the largest power plants
to those used as small household air cleaners. The basic principle of operation of the
electrostatic precipitator is that particles are charged, then an electric field is imposed
on the region through which the particle-laden gas is flowing, exerting an attractive force
on the particles and causing them to migrate to the oppositely charged electrode at right
angles to the direction of gas flow. Electrostatic precipitation differs from mechanical
methods of particle separation in that the external force is applied directly to the indi­
vidual particles rather than indirectly through forces applied to the entire gas stream
(e.g., in a cyclone separator). Particles collect on the electrode. lfthe particles collected
are liquid, then the liquid flows down the electrode by gravity and is removed at the
bottom of the device. If the particles are solid, the collected layer on the electrode is
removed periodically by rapping the electrode. Particle charging is achieved by gener-
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ating ions by means of a corona established surrounding a highly charged electrode like
a wire. The electric field is applied between that electrode and the collecting electrode.
If the same pair of electrodes serves for particle charging and collecting, the device is
called a single-stage electrostatic precipitator. Figure 7.10 shows a cylindrical single­
stage electrostatic precipitator. A wire serving as the discharge electrode is suspended
down the axis of a tube and held in place by a weight attached at the bottom. The sides
of the cylinder form the collecting electrode. The collected particles which form a layer
on the collecting electrode are removed to the dust hopper by rapping the collecting
electrode. In a two-stage electrostatic precipitator, separate electrode pairs perform the
charging and collecting functions.

Most industrially generated particles are charged during their formation by such
means as flame ionization and friction, but usually only to a low or moderate degree.
These natural charges are far too low for electrostatic precipitation (White, 1984). The

~
0::!

J s

-- Cleaned
gas

,:,,: ~~

I Power I ~Collector electrode
supply

k----4.;+-- Discharge electrode

Dirty gas ----..-

Weight

Dust hopper
Figure 7.10 Cylindrical single-stage elec­
trostatic precipitator.
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high-voltage dc corona is the most effective means for particle charging and is univer­
sally used for electrostatic precipitation. The corona is formed between an active high-

voltage electrode guch ag a fine wire and a passive ground electrode such as a plate or
pipe. The corona surrounding the discharge electrode can lead to the fom1ation of either
positive or negative ions that migrate to the collecting electrode. The ions, in migrating
from the discharging to the collecting electrode, collide with the particulate matter and
charge the particles. Because the gas molecule ions are many orders of magnitude smaller
than even the smallest particles and because of their great number, virtually all particles
that flow through the device become charged. The charged particles are then transported
to the collecting electrode, to which they are held by electrostatic attraction. The parti­
cles build a thickening layer on the collecting electrode. The charge slowly bleeds from
the particles to the electrode. As the layer grows, the charges on the most recently
collected particles must be conducted through the layer of previously collected particles.
The resistance of the dust layer is called the dust resistivity.

As the particle layer grows in thickness, the particles closest to the plates lose most
of their charge to the electrode. As a result, the electrical attraction between the electrode
and these particles is weakened. However, the newly arrived particles on the outside
layer have a full charge. Because of the insulating layer of particles, these new particles
do not lose their charge immediately and thus serve to hold the entire layer against the
electrode. Finally, the layer is removed by rapping, so that the layer breaks up and falls
into a collecting hopper.

Of direct interest is the determination of the collection efficiency of a given pre­
cipitator as a function of precipitator geometry, gas flow rate, particle size, and gas
properties. Flow in commercial electrostatic precipitators is turbulent. The prediction of
the migration of particles therefore requires consideration of the motion of particles in
turbulent flow subject to both electrostatic and inertial forces. Because one cannot de­
scribe exactly the motion of particles in turbulent flow, even in the absence of electric
forces, there does not exist a rigorous general theory for the design of turbulent-flow
electrostatic precipitators. In order to obtain design equations for collection efficiency,
we resort, as we have been doing, to an idealized representation of the turbulent mixing
process in the device and removal in a thin layer at the collector wall.

Electrostatic precipitators are commonly employed for gas cleaning when the vol­
umetric throughput of gas is high. Such units are used routinely for fly ash removal from
power plant flue gases. Electrostatic precipitators are also widely employed for the col­
lection of particles and acid mists in the chemical and metallurgical process industries.

7.4.1 Overall Design Equation for the Electrostatic
Precipitator

Figure 7.11 depicts the wall region of an electrostatic precipitator, a chamber of perim­
eter P and cross-sectional area Ac through which a gas containing charged partieles is
flowing. Turbulent flow will be assumed so that, as before, the particle number concen­
tration is uniform at any point across the device. Again, we will suppose the existence
of a thin layer adjacent to the walls of the device across which the particle migration
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(7.43 )

and collection occur. To reiterate, because the turbulent mixing in the core of the flow
overwhelms the tendency of particles to migrate, the only migration occurs across a layer
close to the wall. Thus, from the point of view of the overall design equation, the tur­
bulent flow electrostatic precipitator is quite analogous to the turbulent flow settling
chamber and cyclone; only the physical mechanism leading to particle migration differs.

Assume for the moment that the charge on a particle and the electric field between
the electrodes are known. As we noted in Chapter 5, the electrostatic force on a particle
with charge q in an electric field of strength E is Fe, = qE. The electrical migration
velocity of a particle of diameter Dp in such a field is that given by (5.43)

qECcv =---
e 37f"p.,Dp

where we now retain the slip correction factor Cc because we will be dealing with sub­
micron-sized particles. The charge q is equal to the product of the number of charges zp
and the charge on an electron e.

As we have done before, we will define the wall layer thickness dy such that all
particles in dy are captured over the distance dx, that is, dy = V e dt = V e dx/u. The
fraction of particles captured in distance dx is just the ratio of the cross-sectional area
of the wall layer to the overall cross-sectional area of the device, P dy / Ac . A balance
on particle number over the section dx gives

(7.44 )

(7.45 )

Using dy = V e dx/u and then taking the limit as dx --> 0 give

dN = _ PVe N
dx Acu

where the electrical migration velocity ve is evaluated at conditions at the collector sur­
face. Equation (7.45) is to be integrated subject to N (0) = No·
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(7.46 )

The migration velocity V e depends on the number of charges on the particle, which,
as we will see, is a function of particle size as well as the electric field and ion density

conditions in the precipitator, and on the local electric field strength. Both q and Eare
in general a function of distance x down the precipitator. If it can be assumed that v" is
independent of the number concentration N, integration over a unit of length L yields*

N(L) = No exp ( - :urVe dX)

(
AIL r

L

)= No exp -Q J
o

ve dx

where Acu = Q, the volumetric flow rate of gas through the unit, and PL = A, the
collector surface area. Furthermore, if the electrical migration velocity can be assumed
to be constant, then (7.46) gives N(L) = No exp (-AveIQ), and the collection effi­
ciency is given by

rJ = 1 - exp ( - A~e) (7.47)

Equation (7.47) is seen to be analogous to that derived for a turbulent flow settling
chamber, with only the physical mechanism leading to particle migration differing. This
equation was first used in an empirical form in 1919 by Evald Anderson and derived
theoretically by W. Deutsch in 1922 (White, 1984). It has generally been referred to as
the Deutsch equation and sometimes as the Deutsch-Anderson equation.

Although the Deutsch equation can be used to estimate the collection efficiency of
an electrostatic precipitator, the assumption of constant V e is overly restrictive. In the
remainder of this section, we take into account the variation in migration velocity with
position in the precipitator. Our development will focus on the cylinder and wire con­
figuration, although it can be carried through in a similar fashion for other geometries,
such as parallel plates. We should point out, however, that even though it is possible to
derive theoretically the electric fields and migration velocities in devices with well-de­
fined geometry, the idealized conditions corresponding to the theory seldom exist in
actual practice. Factors such as particle reentrainment and gas channeling around the
collecting zones cannot be accounted for theoretically. Because of these uncertainties,
industrial precipitator design is often based on empirical migration velocities for use in
the Deutsch equation (White, 1984). Nevertheless, it is important to understand the
underlying fundamental relationships among the variables in an electrostatic precipitator,
and we will develop these relationships subsequently.

7.4.2 Generation of the Corona

The mechanism for particle charging in an electrostatic precipitator is the generation of
a supply of ions that attach themselves to the particles. The corona is the mechanism for

*We will see subsequently that the migration velocity is, in fact, a function of the local number con­

centration.
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fonning ions. The corona can be either positive or negative. A gas usually has a few
free electrons and an equal number of positive ions, a situation that is exploited in gen­
erating a corona. When a gas is placed between two electrodes, small amount of current
results as the free electrons migrate to the positive electrode and the positive ions migrate
to the negative electrode.

In the positive corona the discharge electrode, the wire in the cylindrical electro­
static precipitator, is at a positive potential. The few free electrons nonnally present in
the gas migrate toward the wire. As the electrons approach the wire, their energy in­
creases due to an increased attractive force. These free electrons collide with gas mol­
ecules, the collision leading in some cases to the ejection of an electron from the mol­
ecule, producing two free electrons and a positive ion. The two free electrons continue
toward the positive electrode, gaining energy, until they collide with two more gas mol­
ecules, producing four free electrons and two positive ions. This process is referred to
as an electron avalanche. The positive ions fonned migrate to the negative electrode. It
is these positive ions that must migrate across the entire device to the negative electrode
that collide with and attach to the particles in the gas. The region immediately surround­
ing the wire in which the electron avalanche is established is the corona. Thus, with a
positive corona the particles become positively charged. The tenn "corona" arises from
the fact that the electron avalanche is often accompanied by the production of light.

In the negative corona the discharge electrode is maintained at a negative potential.
The electron avalanche begins at the outer surface of the wire and proceeds radially
outward. Close to the wire the electrons are sufficiently energetic to fonn positive ions
upon collision with gas molecules, thus initiating the electron avalanche. The positive
ions fonned migrate the short distance to the wire. As the electrons migrate outward into
a region of lower electric field strength, they are slowed down by collisions with gas
molecules. These electrons eventually have lower energy than those that are accelerated
toward the positive electrode in the positive corona. These relatively low energy elec­
trons, rather than ejecting an electron from the gas molecule upon collision, are absorbed
by the gas molecules to produce negative ions. The fonnation of negative ions, which
begins to occur at the outer edge of the corona, essentially absorbs all the free electrons
produced in the electron avalanche at the wire surface. These negative ions then migrate
to the positive electrode, in the course of which attaching to gas molecules and fonning
negative ions. For a negative corona to be effective it is necessary that the gas molecules
can absorb free electrons to fonn negative ions. Sulfur dioxide is one of the best electron­
absorbing gases of those present in flue gases. Oxygen, CO2 and H20 are also effective
electron absorbers. The negative corona is generally more stable than the positive cor­
ona, so it is preferred in most industrial applications. A by-product of the negative cor­
ona is the production of 03' which is an undesirable feature of the household use of an
electrostatic precipitator with a negative corona. Moreover, since the positive corona
does not need an electron-absorbing gas, it is more suitable for domestic application.

A few comments are in order about the collecting, or passive, electrode. As the
electrostatic precipitator is operated, a layer of the collected material builds up on the
collecting electrode. Particle deposits on the precipitator collection surface must possess
at least a small degree of electrical conductivity in order to conduct the ion currents from



Sec. 7.4 Electrostatic Precipitation 417

the corona to ground. The minimum conductivity required is about 10- 10 (0 cm)-I,
which is the inverse of resistivity. A conductivity of 10- 10 (0 cm) -1, or a resistivity of

1010
{1 em, is small compared to that of ordinary metals but is much greater than that of

good insulators such as silica and most plastics. The resistivity of a material is deter­
mined by establishing a current flow through a slab of known thickness of the material.
As long as the resistivity of the collected dust layer is less than about 1010 0 cm, the
layer will surrender its charge to the electrode. A typical dust has a resistivity of about
10

8
0 cm at room temperature, due to a layer of water on the surface of the particles.

As the temperature is increased beyond 373 K, the water is evaporated and the resistivity
increases to a value characteristic of the collected solids. Fly ash resistivities can vary
from 108 to 1013 0 em. When the resistivity of the layer exceeds about 1010 0 em, the
potential across the layer increases so that the voltage that can be maintained across the
electrostatic precipitator decreases and the collection efficiency decreases. The electrical
resistivity of collected particulate matter depends on its chemical composition, the con­
stituents of the gas, and the temperature (Bickelhaupt, 1979; Han and Ziegler, 1984).
The resistivity of fly ash is dependent on the content of S03, Na20, and to a lesser
extent, hydrophilic compounds (Fe20 3, K2, Li20) in the ash and on the water content
in the flue gas. When sulfur-containing coal is burned, from I to 5 % of the S02 is
oxidized to S03 in the combustion process. The S03 condenses on the fly ash as H2S04

and lowers its resistivity. Materials with very low resistivities, such as carbon black with
a resistivity in the range 10-3 0 em, are difficult to collect because these materials
assume the charge of the collecting electrode upon contact and are repelled toward the
discharge electrode.

7.4.3 Particle Charging

Particle charging in an electrostatic precipitator occurs in the gas space between the
electrodes where the gas ions generated by the corona bombard and become attached to
the particles. The gas ions may reach concentrations as high as 1015 ions m- 3. The level
of charge attained by a particle depends on the gas ion concentration, the electric field
strength, the conductive properties of the particle, and the particle size. A I-J-tm particle
typically acquires the order of 300 electron charges, whereas a 10-J-tm particle can attain
30,000 electron charges. Predicting the level of charge acquired by a particle is neces­
sary in order to predict the particle's migration velocity, on the basis of which the col­
lection efficiency can be calculated for a given set of operating conditions.

There are actually two mechanisms by which particles become charged in an elec­
trostatic precipitator. In the first mechanism particle charging occurs when ions that are
migrating toward the collecting electrode encounter particles to which they become at­
tached. In migrating between the electrodes the ions follow the electric flux lines, which
are curves everywhere tangent to the electric field vector. When the particle first enters
the device and is uncharged, the electric flux lines deflect toward the particle, resulting
in the capture of even a larger number of ions than would be captured if the ions followed
their normal path between the electrodes. As the particle becomes charged, ions begin
to be repelled by the particle, reducing the rate of charging. Eventually, the particle will
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acquire a saturation charge and charging will cease. This mechanism is called ion bom­
bardment or field charging. The second mode of particle charging is diffusion charging,
in which the particle acquires a charge by virtue of the random thermal motion of ions
and their collision with and adherence to the particles.

The theories of both field and diffusion charging, in their full generality, are quite
complex and have received a great deal of attention. Strictly speaking, field and diffusion
charging occur simultaneously once a particle enters an electrostatic precipitator, and
hence to predict the overall charge acquired by a particle, one should consider the two
mechanisms together. However, because, as we shall see, diffusion charging is predom­
inant for particles smaller than about 1 I-tm in diameter and field charging is predominant
for particles larger than about 1 I-tm, the two mechanisms often are treated in electrostatic
precipitator design as if they occur independently. In doing so, one estimates the total
charge on a particle as the sum of the charges resulting from each of the two separate
mechanisms.

7.4.4 Field Charging

When a dielectric particle of radius Rp containing charge q is placed in a preexisting,
uniform electric field E oo with an initially unipolar ion density Nioo , the electric potential
at point (r, (), rp) in the region outside the sphere is (Stratton, 1941)

q ( r K - 1 R~)V = -- + - - --:2 EooR cos ()
41l"Eo r Rp K + 2 r P

where K is the dielectric constant of the sphere and EO is the permittivity of free space
(8.85 x 10- 12 F m -I). The range of values of the dielectric constant K is K = I for a
perfect insulator and K = 00 for a perfect conductor. The dielectric constants of insulating
particles of mineral origin commonly are of order 2 to 10. The value of K for air is
approximately 1.

The first term in V is the Coulombic potential, and the second term combines the
r-component external potential uniformly built by Eoo and the r-component image po­
tential resulting from the sphere dielectric polarization in EOO' The electric field around
the sphere is just the negative gradient of the potential V. For the r-component of the
electric field,

E= - av = _E cos () (I + 2~R~) + -q-
r ar 00 K + 2 r 3 41l"Eor 2

At the surface of the sphere

3K q
Erl -R = -Eoo cos () --2 + 4-R2

r- P K + 1l"Eo P

Field charging occurs as the ions that are migrating in the field E oo become close
to a particle (the sphere) and follow the distorted electric field lines around the particle
and impinge on it. The electric field at the surface of the particle has a zero-potential
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circle at 0 = 00 such that for 0 ~ 00 ions will impinge on the surface and for 0 ~ 00

ions will drift past the particle. We find 00 by setting Er Ir~Rp = 0,

-1 (K + 2 q 1 )00 = cos -- ----2 -
3K 47rEOR p Eoo

To determine the impingement rate of ions (in number per second), we need to
integrate the ion flux,

where B; is the ion mobility, as given in (5.44) (minus sign for positive charging, plus
sign for negative charging) from 0 = 0 to 0 = 00 and from ¢ = 0 to ¢ = 27r,

~
27r ~eo

lje = (+B;Erl ~R N;oo)R; sin 0 dO d¢
o 0 r p

which gives

(7.48 )

where q, is the saturation charge,

(7.49 )

Since the rate of charging of the particle for singly charged ions equals the ion
impingement rate ljC multiplied by the unit charge, ±c, we obtain for the rate of charging
of the particle,

dq

dt

o q = q,
(7.50 )

(7.51 )

which can be integrated subject to q = 0 at t = 0 to give the time-dependent field charge,

q,cB;N;oot
q =

cB;N;cot + 4Eo

Under usual operating conditions in an electrostatic preCIpitator, the saturation
charge is attained soon after the particles enter the device (White, 1984). For our pur­
poses, then, it suffices to assume that the field-charging contribution to total particle
charge is given by (7.49)

(
3K) 2qjc = -- 7rEoEDp

K + 2
(7.49 )

and that this charge is attained by particles immediately upon entrance into the
precipitator.
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We can examine the validity of this approximation from (7.51). In order for q

from (7.51) to be approximated by q\, it is necessary that t » 4Eo/eBiNiOO' Now, EO is
the order of 10- 11 C m-I V-I, e is the order of 10- 19 C, Bi is the order of 10-4 m2 V-I

S-I, and Niao is the order of 1013 m- 3
. Thus we find that under usual conditions q ==: q\

for t > 0.1 s, and therefore approximating the field-charging contribution by (7.49) is
valid for electrostatic precipitators since the residence time of the particles in the pre­
cipitator will generally exceed 1 s or so.

Example 7.4 Field Charging

The saturation charge on a particle attained by field charging in an electric field of strength
E is given by (7.49). Charging electric fields in an electrostatic precipitator are typically in
the range 300 to 600 kV m- I

, but may exceed 1000 kV m- I in special cases. Let us
calculate the magnitude of this charge for the following conditions: Dp = I JlIll, E = 500
kV m- I

, K » 1 (conducting particle). Then from (7.49)

qfc = 4.17 X 10- 17 C

The number of electronic charges to which this charge corresponds is

qfc 4.17 X 10- 17

zp = ~ = 1.60 X 10- 19

= 260 electronic charges

7.4.5 Diffusion Charging

Diffusion charging occurs as the ions in their random thermal motion collide with a
particle and surrender their charge to it. In that sense the mechanism of diffusion charg­
ing is identical to that of the diffusion of uncharged vapor molecules to the surface of a
particle (Section 5.5). However, because both the particle and the ions are charged, the
random thermal motion of the ions in the vicinity of a particle is influenced by an elec­
trostatic force. This force gives rise to a tendency of the ions to migrate away from the
particle as the particle charge increases. The overall flux of ions to a particle thus must
include both the random diffusive motion and the electrical migration. As in the case of
diffusion of gas molecules to a particle, the particular flux expression depends on the
ratio of the ion mean free path, Ai' to the particle radius, that is, the ion Knudsen number.
We neglect the effect of the background electric field in the precipitator in analyzing the
flux of ions to a particle.

In the free molecule regime a kinetic theory argument can be used to deduce the
rate of diffusion charging. If the particle has a charge q, the radial distribution of ions
around the particle should be given by a Boltzmann expression (White, 1963)

Ni,s = Ni Ir=Rp = Nioo exp ( =+= 27rE::TDJ

(minus sign for positive charging; plus sign for negative charging). The rate at which
ions strike the surface of the particle per unit surface area is given by the effusion flux,
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±Nj,J:j Thus the rate of accumulation of charge is

dq 1rD~ _ (_ qe )- = +-- N ce exp +
dt - 4 /00 I 27rEOkTDp

which can be integrated subject to q = qo at t = 0 to give

27rEokTDp l ( qoe) Njooe2Dillq = + In exp + + ----'---_----"----C..-

- e . - 27rEokTDp 8EOkT

which in the case of qo = 0 becomes

27rEokTDp ( + Njoo e
2
Dr,c:;!)

q = ± In I
e 8EOkT

(7.52 )

(7.53 )

where the plus sign is for positive charging and the minus sign for negative charging.
In the continuum regime the flux of ions toward the particle at any distance r is

given by

(7.54 )

The first term of the right-hand side is the diffusive contribution to the flux and the
second is that due to the field-induced migration in the vicinity of the particle. The
steady-state ion concentration profile cannot be prescribed to be Boltzmann equilibrium
distributed since it is now influenced by the presence of the particle. The local electric
field around the particle is, since we are neglecting the overall field in the precipitator,
the Coulombic field

(7.55)

At steady state lj is a constant independent of r. We substitute (7.55) into (7.54),
and solve the differential equation subject to Nj = Njoo as r -> 00 to get

_ljEo (±ljEO ) (_ qe )N = +- + -- + N exp +--=---
I Bjq Bjq /00 27rEOkTDp

(upper sign for positive charging; lower sign for negative charging).
0, we recover the Boltzmann distribution.

To determine lj we assume that Nj = 0 at r = Rp ,

BjqNjoo l ( qe)J. = +--- exp +_---0.-__

/ - EO -27rEokTD
p

The rate of accumulation of charge is just

dq = BjqeNjoo r exp (+ qe ) _ ll. I

dt EO l - 27rEokTDp j

Note that if lj
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This equation can be integrated subject to q = qo at t = 0 to give the following implicit
expression for q as a function of time:

(7.56 )

(7.57)

We have now developed diffusion charging results in the free molecule, (7.53),
and continuum regimes, (7.56). Lassen (1961) obtained an expression that spans the two
regimes,

dq B;qeN;oo l( 2qe Kn) ( qe) j-I- = 1 + exp + - I
dt EO - a11'EokTDp - 211'EOkTDp

where the ion Knudsen number Kn = 2'AjDr The ion mean free path is related to its
molecular diffusivity by

Lassen used the value of a = 3, which we recall is used in conjunction with the Fuchs­
Sutugin interpolation formula [i.e., (5.95)].

In 1918 Enskog obtained the following expression for the binary diffusivity of
spec 3 i in a background gas j,

311' (30Z2 + 16z + 13)
D; = 32 30i + 16z + 12 (1 + z)'Aic;

where z = m; / mj , the ratio of the mass (m;) to that of the background gas (mj ). This
equation results from the second-order Chapman-Enskog solution to the Boltzmann
equation for a hard sphere model. The term in the first parentheses is the correction
factor to the first-order solution [recall (5.11)].

Equation (7.57) can be integrated subject to q = qo at t = 0 to give

~ (4 Kn + ~) ~ ( e )m [( ±q)'" _ (±qo)"'] = B;eN;oot (7.58)
m = I a m m! 211'EOkTDp EO

For Kn » I and D; = kTBje, (7.58) reduces to (7.52).
Many treatments of electrostatic precipitation confine their analysis of the diffusion

charging contribution to particle charge to the free molecule result (7.53). One relevant
question concerns the difference in charge predicted by that equation as compared with
the more complete result (7.58). We will examine that difference in Example 7.5.

The classical diffusion charging equations derived above are based on the absence
of an external electric field and the neglect of the electrostatic image force between the
ions and the dielectric particles. Diffusion charging can be enhanced by an external
electric field, so-called "field-enhanced diffusion." Results on combined field and dif­
fusion charging have been obtained by Liu and Yeh (1968), Brock and Wu (1973), Smith
and McDonald (1976), Liu and Kapadia (1978), and Withers and Melcher (1981). The
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effect of the electrostatic image force has been considered by Marlow and Brock (1975),
Liu and Pui (1977), and Davison and Gentry (1985). In the transition regime Fuchs

obtained the flux for diffusion charging by flux matching. Fuchs' formula includes the
electrostatic force on the trajectory of an ion in the vicinity of a particle and has shown

good agreement with recent experimental results (Adachi et al., 1985).

Example 7.5 Particle Charging by Field and Diffusion Charging Mechanisms

Let us compute the charge acquired by particles as a function of Dp by field and diffusion
charging mechanisms separately. We consider the following conditions:

T = 293 K

K =

We need to select an ion mass. The ion masses are difficult to determine accurately, as the
ions tend to form clusters that may change with time. Adachi et al. (1985) have considered
the available data and have recommended:

mt = 109 to 130 amu

mi- = 50 to 100 amu

Bt = 1.4 x 10-4 m2 V-I S-I Bi = 1.9 x 10-4 m2 V-I S-I

Using these values, we obtain:

-+ = 2.18 X 102 to 2.38 X 102 m S-I Ci- = 2.48 X 102 to 3.52 X 102 m S-ICi

A+ = 1.44 X 10-8 to 1.46 X 10- 8 m A-:- = 1.79 x 10-8 to 1.94 X 10- 8 m
I I

D+ = 3.54 X 10-6 m2 S-I D i- = 4.80 X 1O-6 m2 s- 1
I

Figure 7.12 shows the number of elementary charges as a function of particle di­
ameter for both field and diffusion charging. The field charging line is (7.49), which, since
this is a log-log plot, is a straight line of slope 2. The saturation charge from field charging
depends, in addition to size, only on the dielectric constant of the particle and the field
strength. The diffusion charging contribution varies with time. That contribution as given
by (7.58) assuming no initial charge is shown at t = 1 and 10 s. Also, we show by the
dashed line the classic free molecule result (7.53). We note that the free molecule result is
quite close to the more complete equation (7.58) for particle diameters less than about 1
!Lm, the regime where diffusion charging dominates. For this reason and because the field
charging contribution reaches saturation very quickly, it will suffice henceforth to use (7.52)
as an approximation to the diffusion charging contribution in electrostatic precipitation with
qa equal to the field charge.

Example 7.6 Migration Velocity

The charged particle migration velocity in an electric field was given by (7.43). Let us
compute the migration velocities of the particles of Figure 7.12 at a charging time of t =

I s in air at 298 K. At this temperature, the mean free path of the air molecules is Aair =

0.065 !Lm. The migration velocity is shown in Figure 7.13, and the individual contributions
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Figure 7.12 Particle charging by field and diffusion charging mechanisms. The fol­
lowing conditions are assumed: T = 293 K, mt = 130 amu, Bt = 1.4 x 10-4 m'
V-'S-I, cr = 218 m s-', Ar = 1.46 x 10-8 m, Dr = 3.54 x 10-6 m's", a =

0.905, E = 2 X 10' V m- I
, Nioo = 1013 m- 3

, K = I.
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Figure 7.13 Particle migration velocity. Conditions are the same as Figure 7.12.
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Figure 7.14 Contributions to particle migration velocity from field and diffusion charg­
ing. Conditions are the same as in Figure 7.12.

are shown in Figure 7.14. We note that the migration velocity is relatively large for very
small particles and very large particles. Even though the particle charge is lower for small
particles, the mobility of such small particles is large enough to more than compensate for
the relatively lower level of charge. Large particles are able to acquire such a substantial
charge that even the increased Stokes drag cannot overcome the charge effect. This can be
seen simply from the fact that the particle charge by field charging increases as D~, whereas
the Stokes drag increases only as Dp , leading to an overall increase in the migration velocity
with Dp as particle diameter increases.

7.4.6 The Electric Field

Our final step in developing the infonnation needed to design an electrostatic precipitator
is to calculate the electric field in the device . .The chamber consists of two electrodes,
the discharge and the collecting electrodes. Between the electrodes the gas contains free
electrons, ions, and charged particles.

The electric field intensity, E, is defined in tenns of the potential V by

E = -VV (7.59)

(7.60)

and in a medium with space charge density qv is governed by Poisson's equation

v . E = qv
Eo

[Actually, the denominator on the right-hand side of (7.60) is the product of the dielectric
constant of the medium and EO' Since K is essentially unity for gases under all realistic
precipitation conditions, we simply use EO in (7.60).]
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(7.62)

If we consider, for example, two concentric cylinders, with inner radius ro and
outer radius ro the inner radius at voltage Va and the outer at V = 0, the solutions of
(7.59) and (7.60) are

V = ~ (r~ - r2 ) + Iva - ~ (r~ - r 6)jln (r'jr) (7.61)
4Eo L 4Eo In (rc ro )

E = q"r + I Va - qv (r~ - r6)/4Eoj !
2Eo L In (rjro) r

The electric field strength at r = rc (the collector) is

qvrc Va - qv (r~ - r6)/4Eo
Ec = - + ( / )2Eo rc In rc ro

(7.63)

(7.64 )

(7.65 )

As noted above, the species contributing to the space charge density are ions,
electrons, and charged particles. In computing qv it can be assumed that the gas mole­
cules capture all the free electrons so that only the ions and charged particles contribute
to qv' Actually, an ionic current flows in the direction of the electric field consisting of
ions charged with the same polarity as the charging electrode and moving to the col­
lecting electrode. The ions migrate to the collecting electrode with a velocity large enough
to be unaffected by the turbulent flow in the chamber. The space charge density due to
the ionic current depends on the local value of E. Accounting for the dependence of qv
on E leads to a nonlinear equation for E that cannot be solved exactly. Under usual
conditions of electrostatic precipitation operation, the effect of the ionic current on qv
can be neglected (Crawford, 1976).

The edge of the corona, at r = ro in the cylindrical case, is defined by the electric
field strength Eo. An empirical expression for the electric field strength at the edge of
the corona is given by White (1963) as

IT. (T. )1/2jEo = ±3 X 106f ~ + 0.03 ~
Tpo Tporo

where To = 293 K, Po = 1 atm, ro is the radius at the edge of the corona (m), andfis
a roughness factor that accounts for rough spaces on the wire surface. The effect of
roughness is to reduce the field strength needed to form the corona. For a clean smooth
wire,! = 1; for practical applicationsf = 0.6 is a reasonable value to use in the absence
of other information. For a positive corona, the positive sign is used in (7.64); the
negative sign for a negative corona.

Weare now in a position to summarize the basic design equations for the electro­
static precipitator. To do so, we follow the treatment of Crawford (1976). The electric
field strength at the edge of the corona is fixed and given by (7.64). The electric field
strength (7.62) can be written in terms of Eo as

E = !k (r _ r6) + roEo
2Eo r r
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The voltage at the edge of the corona is

Since it is usually the case that rc » ro, (7.66) may be approximated as

(7.66 )

(7.67)

Even though we have been evaluating E as a function of radial position, keep in mind
that if q" varies down the length of the precipitator, E is also a function of axial position
x.

At this point we need to specify q". As we noted above, we will not include the
ion current as a contribution to the space charge density, only the charge on the particles.
Field charging occurs rapidly after the particles enter the precipitator, so that if the
particle concentration is substantially less than the ion concentration, it is reasonable to
assume that every particle acquires the saturation charge given by (7.49) corresponding
to the field strength at the entrance. For this purpose it is sufficient to use the mean
electric field strength across the entrance,

A L27rrE(O, r) dr

E(O) = (2 2)
7rr c - r o

Thus the saturation charge from field changing is

3K 2 A

q/<, = -- 7rEoDp E(O)
K + 2

where in evaluating teO) we invoke the approximation that rc » ro,

(7.68)

(7.69)

(7.70 )

Let us recapitulate. Particles at number concentration No enter the precipitator and
are assumed to be immediately charged to qfC' corresponding to the mean electric field
strength t (0) across the entrance to the precipitator. The space charge density at the
entrance to the precipitator is then just the product of the charge on each particle and
the number concentration of the particles,

(7.71 )

where qfc is given by (7.69). If we combine (7.69)-(7.71), we can eliminate teO) and
obtain a relation for qfc in terms of known quantities,

(7.72)
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This is the relation for the charge/particle, due to field charging, at the entrance to the
precipitator. We noted above that we are assuming that each particle immediately ac­
quires the saturation field charge upon entrance into the precipitator, and that for this
assumption to hold, the number concentration of particles must be substantially less than
the ion concentration. The mean electric field at the entrance £(0) is computed taking
into account the space charge density due to the particles that are charged due to £ (0).
The contribution to £(0) from the space charge density [i.e., the first term on the right­
hand side of (7.70)] cannot exceed £(0) itself. This restriction is reflected in the fact
that for (7.72) to be valid, it is necessary that the denominator of (7.72) be positive.
Given Din K, and rn this condition places an upper limit on the value of No for which
the approach is valid. In fact, for the theory to be applicable, we require that

K + 2 reNO--» --
3K7[D~ 3

For example, if K = I, r c = 0.3 m, and Dp = I /lm, we require that No « 3 x 1012

m-3
. For Dp = 0.1 /lm, No « 3 x 1014 m- 3

•

As the particles flow through the precipitator, each particle retains its charge q/(

and may gain additional charge due to diffusion charging. The space charge density at
any point is the product of the charge q on each particle and the number concentration
of particles,

(7.73)

(7.74 )

(7.75)

(7.76 )

If we neglect the charging contribution from diffusion charging, an assumption valid for
particles larger than about 0.5 /-tm, the charge on each particle is just qJ(" as given by
(7.72). The space charge density qv (x) decreases down the precipitator as particles are
deposited on the collecting electrode,

( ) _ 2Eoro(rc - ro) EoN(x)
qv x - r~[(K + 2)/3K7fD~ - rcNo/3]

The electric field strength at any radial and axial position is found by combining
(7.65) and (7.74),

)
Eoro(rc - ro) (r - r6/r )N(x) roEo

E(x, r = 2 [ / 2 / ] + -rc (K + 2) 3K7rDp - reNo 3 r

The electric field strength, through its dependence on qv' and therefore on N, also varies
down the length of the precipitator.

The electric field strength at the collector is obtained from (7.75), using the ap­
proximation rc » ro, as

( ) _ Eoro(rc - ro) N(x) + roEo
Ec x - rc[(K + 2)/3K7fD~ - rcNo/3] rc

Weare now ready to return to the basic design equation for the electrostatic pre­
cipitator. We recall that we performed a balance on the number of particles of a given
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size across a differential section of the precipitator that led to (7.44). For the concentric

cylinder geometry we have been considering, the wall layer of thickness dr is defined
by dx Iii = dr I lJe . The fraction of the cross-sectional area occupied by the wall layer is
27rre dr / ( 7r (r~ - r6)). If we assume that re » ro, this fraction is just 2 dr / re . Then
the form of (7.44) appropriate to this geometry is

Taking the limit of (7.77) as dx -> 0 and using (7.43) gives

(7.77)

dN

dx
2qEeCc N

37rp..Dpijre

(7.78)

(7.79 )

Using the volumetric flow rate Q = U7r (r~ - r6) == U7rr~, (7.78) can be written as

dN 2qEJeCe N

dx 3p..Dp Q

Now, substituting (7.76) for Ee(x) in (7.79) gives

where

dN
dx = -a(bN + I)N (7.80 )

(7.81 )

2qroEoCe
a =

3p..DpQ

b= 3(re -ro)
(K + 2)/ K7rD~ - reNo

Integrating (7.80) from N = No at x = 0 to N at x = L gives

1 No/ (bNo + 1)L = - In ----'-''-c-'----''_--'-

a N/(bN + 1)

Since the collection efficiency is 1/ (Dp ) = 1 - N / No, (7.81) can be written in
tem1S of the collection efficiency as

-}

L =! In bNo + (1 - 1/) (7.82)
a bNo + 1

or as the collection efficiency achieved by a given length,
-1

1/ = 1 - [(bNo + l)eQL
- bNo] (7.83 )

In our derivation of the design equations for the electrostatic precIpitator we as­
sumed that the particle charge in the device is that due solely to field charging at the
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entrance to the precipitator. We know, however, that for particles smaller than about
0.5 !-tm diameter, diffusion charging dominates field charging. Let us see how the pre­
cipitator design equations are modified to include diffusion charging.

The space charge density at any point is given by (7.73), now written as

q[,(x) = q(x)N(x) (7.84 )

Since we assume that field charging occurs immediately at the entrance and that diffusion
charging begins only for x > 0, ql' (0) = qFNO' The value of qj( is that given by (7.72).
From (7.53) the net charge is

where time t is replaced by x Iii.
The electric field strength at any position in the unit is given by (7.65)

E(x, r) = q[,(x) (r _r6) + roEo
2Eo r r

and that at the collector surface, assuming that rc » ro, is

Finally, (7.79) becomes

(7.85 )

(7.86 )

(7.87)

(7.88 )

which must be solved to obtain the collection efficiency.
In this section we have focused on developing the basic equations for predicting

electrostatic precipitator collection efficiency. In the design of an actual electrostatic
precipitator one must specify the configuration (e.g., parallel plates or wire in tube), the
plate area and spacing, the corona power and current, and the pressure drop. These will
depend on the gas velocity, the particle loading, the required removal efficiency, and
the resistivity of the particulate matter. White (1977) presents an analysis of all of these
factors in the design of an electrostatic precipitator.

Example 7.7 Electrostatic Precipitator Design

An airstream flowing at 1.5 m S-l at 573 K, 1 atm containing a particle mass concentration
of 3 X 10-3 g m- 3 with a particle density of 1.75 g cm- 3 is to be treated by a cylindrical
electrostatie preeipitator. All particles can be assumed to have K = 3. The electrostatic
precipitator is to consist of a cylinder of dimensions TO = 0.005 m and T, = 0.1 m. A value
off = 0.7 can be assumed. Assume a negative corona. We want to determine the efficiency
of the preciptator as a function of partiele diameter and preeipitator length.
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q(x) with qo = qfc

q(x) = qdc + qfc
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Figure 7.15 Overall efllciency of the electrostatic precipitator in Example 7.7 as a
function of particle diameter and length.

q(x) with qo = qfc

q(x) = qfc only
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Figure 7.16 Overall efllciency Of the electrostatic precipitator in Example 7.7 as a
function of particle diameter and length. Comparison of efllciencies calculated with field
and diffusion charging and field charging only.
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The volumetric flow rate of air through the precipitator is Q = 0.0471 m3 slAt
573 K the density and viscosity of air are p = 6.126 X 10-4 g cm-3 and J1 = 2.85 X 10 4

g cm- I
S·l. The Reynolds number is thus Re = u(2rc )p/p. = 6448, and the flow will be

turbulent. The initial number concentration of particles depends on the particle diameter.
If all the entering particles are of diameter Dp , then, for a mass concentration of 3 x 10- 3

g cm - 3, the feed number concentration is

with Dp in p.m.

From (7.64) the electric field strength at the edge of the corona is Eo = - 1. 7109 x
106 V m- I

. The charge/particle due to field charging at the entrance to the precipitator qt,
is given by (7.72). The value of qfc depends on the size of the feed particles. For Dp = 0.5
p.m, for example, qJc = -2.037 X 1O- IH C. The diffusion charging contribution to the
particle charge is given by (7.85). The background ion concentration will be taken as N ioo

= 1013 m-- 3
, and the ion mass mi will be estimated as in Example 7.5.

Equation (7.88) can be integrated numerically subject to N = No at x = O. The
efficiency at any length x is then YJ = 1 - N(x)/No' Figure 7.15 shows the overall effi­
ciency as a function of particle diameter for precipitator lengths of 1, 2, and 3 m. In this
figure we also show the efficiency calculated assuming that the particle charge is the sum
of independent field and diffusion charging contributions. This assumption is seen to lead
to substantial errors especially in the region of minimum efficiency. Figure 7.16 gives the
same result compared to that considering field charging only. We see that for particles of
diameter smaller than 1 flm, diffusion charging cannot be neglected. Figure 7.17 shows the
overall efficiency as a function of precipitator length at various particle diameters.

x (m)

Figure 7.17 Overall efficiency of the electrostatic precipitator in Example 7.7 as a
function of precipitator length.
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7.5 FILTRATION OF PARTICLES FROM GAS STREAMS

A major class of particulate air pollution control devices relies on the filtration of par­
ticles from gas streams. A variety of filter media is employed, including fibrous beds,
packed beds, and fabrics. Fibrous beds used to collect airborne particles are typically
quite sparsely packed, usually only about 10% of the bed volume being fibers. Packed­
bed filters consist of solid packing in, say, a tube and tend to have higher packing den­
sities than do fibrous filters. Both fibrous and packed beds are widely used in ventilation
systems. Fabric filters are frequently used to remove solid particles from industrial gases,
whereby the dusty gas flows through fabric bags and the particles accumulate on the
cloth.

The physical mechanisms by which the filtration is accomplished vary depending
on the mode of filtration. Conventional sparsely packed fibrous beds can be viewed as
assemblages of cylinders. In such a filter the characteristic spacing between fibers is
much larger than the size of the particles being collected. Thus the mechanism of col­
lection is not simply sieving, in which the particles are trapped in the void spaces be­
tween fibers; rather, the removal of particles occurs by the transport of particles from
the gas to the surface of a single collecting element. Because the filtration mechanisms
in a fibrous bed can be analyzed in terms of a single collector, it is possible to describe
them in considerable theoretical detail. Packed-bed filters are sometimes viewed as as­
semblages of interacting, but essentially separate, spherical collectors, although the close
proximity of individual packing elements casts doubt as to the validity of this approach.
Because of the relatively closer packing in packed-bed filters, and the resulting difficulty
of describing the particle collection process in clean theoretical terms, predicting collec­
tion in such systems is more empirically based than for fibrous filters. Fabric filter effi­
ciencies must be predicted strictly empirically since the accumulated particle layer ac­
tually does the collecting. We will devote most of our attention in this section to filtration
by fibrous filters wherein theoretical predictions may be made.

We begin with an analysis of the overall collection efficiency of a fibrous filter
bed. Then we consider the mechanisms of collection by a single cylinder placed in a
particulate-laden gas flow. Finally, we discuss briefly industrial fabric filters and packed­
bed fi lters .

7.5.1 Collection Efficiency of a Fibrous Filter Bed

A fibrous filter bed is viewed as a loosely packed assemblage of single cylinders. Even
though the fibers are oriented in all directions in the bed, from a theoretical point of
view the bed is treated as if every fiber is normal to the gas flow through the bed. Since,
as we have noted, the solid fraction of the filter, ex, is generally the order of only 10%,
we assume, in addition, that each fiber acts more or less independently as a collector.
(As we will see later, there is assumed to be an effect of the other fibers on the flow field
around an individual fiber.) Thus, to compute the particle removal by a filter bed, we
basically need to determine the number of fibers per unit volume of the bed and then
multiply that quantity by the efficiency of a single fiber.
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/ /
/ /

Figure 7.18 Filter bed composed of an as­
semblage of single fibers.

dx

1------L----

--

Figure 7.18 shows a schematic of a filter bed. Let Df be the uniform diameter of
each fiber comprising the bed. We will perform a balance on the number concentration
of particles of diameter Dp across the bed, and, as usual, to do so we consider the balance
over a slice of thickness dx. Let the cross-sectional area of the bed be An and let Lf be
the total length of fiber per unit volume of the bed. Then the solid fraction of the filter
can be expressed in terms of Df and Lf as

(7.89 )

The gas velocity inside the filter is greater than that approaching the filter, U, due to the
volume of flow excluded by the fibers. The volumetric flow rate of air through the filter
is Q = Acu, so the velocity inside the bed, uoo , is related to that upstream of the bed,
U, by

1 - ex
Qu = ------==--- - ---

<X> Ac(l - ex)
(7.90)

The particle flows into and out of the element dx are QN Ix and QN Ix + do respectively.
The number of particles removed per unit time in the element dx is the product of the
flow of particles into the element and the fractional removal of particles by fibers. Let
the collection efficiency of a single fiber 7J be defined as the ratio of the number of
particles collected to the total number of particles in the projected upstream area (DfLf )
of the fiber. Thus the particle balance over dx is
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Taking the limit as dx -+ 0 and using (7.89) and (7.90), we obtain

dN

dx
(7.91 )

which, when integrated over a bed of length L, subject to N(O) = No, gives

N(L) I 4a~L l
Ii; = exp l - 7f (I - a) D

f
J

The overall efficiency of the bed is

N(L) I 4aYJL J
~I = 1 - -- = 1 - exp l-
'No 7f (1 - a) Df

(7.92 )

(7.93 )

The quantity 7f (I - a) Df / 4a~ can be viewed as a characteristic depth of pene­
tration of suspended particles in the bed. Since experiments on collection by an isolated
fiber are difficult, the isolated fiber collection efficiency ~ is sometimes determined from
(7.92) by measuring N(L) and No over a bed of length L and known a and Df .

7.5.2 Mechanics of Collection by a Single Fiber

As we have just seen, the basis of predicting the collection efficiency of a filter bed is
the collection efficiency of a single filter element in the bed. That filter element is taken
as an isolated cylinder normal to the gas flow. Three distinct mechanisms can be iden­
tified whereby particles in the gas reach the surface of the cylinder:

1. Particles in a gas undergo Brownian diffusion that will bring some particles in
contact with the cylinder due to their random motion as they are carried past the
cylinder by the flow. A concentration gradient is established after the collection of
a few particles and acts as a driving force to increase the rate of deposition over
that which would occur in the absence of Brownian motion. Because the Brownian
diffusivity of particles increases as particle size decreases, we expect that this re­
moval mechanism will be most important for very small particles. When analyzing
collection by Brownian diffusion, we treat the particles as diffusing massless points.

2. Interception takes place when a particle, following the streamlines of flow around
a cylinder, is of a size sufficiently large that its surface and that of the cylinder
come into contact. Thus, if the streamline on which the particle center lies is within
a distance Dp /2 of the cylinder, interception occurs.

3. Inertial impaction occurs when a particle is unable to follow the rapidly curving
streamlines around an obstacle and, because of its inertia, continues to move to­
ward the obstacle along a path of less curvature than the flow streamlines. Thus,
collision occurs because of the particle's momentum. Note that the mechanism of
inertial impaction is based on the premise that the particle has mass but no size,
whereas interception is based on the premise that the particle has size but no mass.
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Collection may also result from electrostatic attraction when either particles or
fiber or both possess a static charge. These electrostatic forces may be either direct,
when both particle and fiber are charged, or induced, when only one of them is charged.
Such charges are usually not present unless deliberately introduced during the manufac­
ture of the fiber. We will not discuss the mechanisms of electrostatic attraction here.
Such a discussion is presented by Strauss (1966).

The size ranges in which the various mechanisms of collection are important are:

Inertial impaction: > 1 J-tm

Interception: > 1 J-tm

Diffusion: <0.5 J-tm

Electrostatic attraction: 0.01 to 5 J-tm

It is common to analyze the mechanisms of collection separately and then combine
the individual efficiencies to give the overall collection efficiency for the cylinder or
other obstacle. To see how to combine efficiencies, let us consider two independent
mechanisms of collection: one with efficiency 171' the other with efficiency 172' The prob­
ability that a particle will escape collection by mechanism 1 is (1 - 17 \ ). If it escapes
collection by mechanism 1, the probability that it will escape collection altogether is
that probability times the probability of escaping collection by mechanism 2, (1 - 17 \ ) ( 1
- 172)' Thus the probability that it will be collected is 1 - (1 - 17 I) (t - 172), or 17 I +
172 - 17\172' With n independent mechanisms, the probability of collection is 1 - (1 ­
17\) (1 - 172) .•. (1 - 'YIn)' For two independent mechanisms of collection, we see
that the overall collection efficiency is

(7.94 )

Because collection efficiencies of two independent mechanisms, such as those listed
above, are frequently such that one mechanism is dominant in a particular range of
particle size, the overall efficiency is often calculated simply as 'YI = 'YI\ + 'YI2' Later when
we present collection efficiencies for impaction/interception (mechanism 1) and Brown­
ian diffusion (mechanism 2), we will use this approximation.

Most developments of particle collection assume, for lack of better information,
that particles transported to the surface of a fiber are retained by the fiber. Experiments
have shown, however, that for a variety of substances and filter media, the fraction of
particles striking the collector surface that adhere is generally less than unity and may
in some cases be as low as 0.5. AU of the results we will present can be modified by
including an accommodation coefficient if one is known, although we will not discuss
this factor further here.

7.5.3 Flow Field around a Cylinder

We begin our analysis of the collection of particles by a cylinder with a brief discussion
of the velocity field around a cylinder placed normal to the flow. The Reynolds number,
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(7.95)

(7.96 )

(7.99)

based on the cylinder diameter, Re = Dfuoop II-', for the flows of interest to us is usually

of order unity or smaller. It is customary to determine the flow field around the cylinder
based on the assumption of creeping flow (i.e., Re « 1). There exists no solution of
the creeping flow equations of motion that satisfies simultaneously the condition of zero
velocity at the cylinder surface and that of U oo far from the cylinder. The solution that
diverges least rapidly when r ---+ 00 is (Rosenhead, 1963)

(
2r D})

Ur = uooAJ cos () 1 - 2 In - - -2
DJ 4r

(
2r D})

Uo = uooAJ sin () I + 2 In - - -2
DJ 4r

where AJ = [2(2.0 - In Re)]-I. The velocity field defined by (7.95) and (7.96) is
accurate at distances for which the following condition holds: AJ Re (2r / DJ ) In (2r / DJ )

« 1. For Re = 0.1, this condition is satisfied as long as 2r / DJ ~ 10.
The velocity field (7.95) and (7.96) pertains to low Reynolds number flow around

an isolated cylinder. Our ultimate interest is in cylinders that are elements of a filter bed.
Experimental pressure drop data for fibrous beds show that the drag force per filter
element increases as the packing density is increased (Happel and Brenner, 1965). Thus
it is advantageous to develop a velocity field that depends on the fiber solid fraction ex.
A number of investigators have derived velocity fields around a cylinder assuming that
the cylinder is contained in a fluid "cell" with a radius determined by requiring the
volume of fluid to be in the same ratio to the cylinder volume as the f1uid-to-fiber volume
ratio in the fibrous medium (Happel, 1959; Kuwabara, 1959; Spielman and Goren, 1968).
These cell models endeavor to account for the interference effect of neighboring cylin­
ders on the flow field near a representative cylinder in an approximate way, and the
resulting velocity fields are expected to apply best near the cylinder surface. Fortunately,
since most mechanisms of particle capture are dominated by phenomena near the col­
lector surface, these models are useful for providing flow fields within which to compute
particle removal. The Kuwabara solution is

U
oo l 2r D} (

- ~) 2exr2l (7.97)
U r = 2 Ku I - 21n - - ex - - I + -2- cos ()

D 4r2 DJf

U
oo l 2r D} (

- ~) 6exr2l (7.98 )
Uo = 2 Ku I + 21n - + ex - - I + -2- sin ()

D 4r2 DJ .f

where Ku = ex - 3/4 - ex 2/4 - ~ In ex. The stream function for this velocity field is

l· D2 ( ) 2lU oo r 2r J ex 2exr .
'IF = -- 1 - 2 In - - ex - - I - - + -- sm ()

2 Ku . DJ 4r 2 2 D}

The effect of crowding by neighboring fibers is to compress the streamlines and
increase the fluid speed close to the central cylinder since Ku decreases as ex increases.
Streamlines of the Kuwabara flow field, expressed as "W = 'IF / uooDJ , are shown in Figure
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7.19 for a = 0.001, 0.01, and 0.1. Streamlines corresponding to constant values of 'It
= 0.01 and 0.3 are plotted. The packing density a plays a role similar to that of the
Reynolds number: that is, as ex increases, the streamlines are compressed toward the
cylinder and toward the line of symmetry at y = O.

At present there is considerable disagreement as to which of the available flow
models for fibrous beds is best suited to predict particle capture. For our purposes it will
be sufficient to employ the Kuwabara solution above. For more in-depth discussions of
the flow fields, we refer the reader to Spielman (1977) and Adamczyk and van de Ven
(1981 ).

7.5.4 Deposition of Particles on a Cylindrical Collector by
Brownian Diffusion

When analyzing the transport of particles by Brownian diffusion, the particles are treated
as if they are gas molecules (see Section 5.4), and under steady-state conditions the
number concentration of particles obeys the convective diffusion equation,

(7.100)

(7.102 )

where D is the Brownian diffusivity. By defining u* = u / uOO , N* = N / N00' and the
Peclet number Pe = Dfuoo/D, (7.100) can be placed in dimensionless fonn,

1 2 (u* . VN* = - V N* 7.101)
Pe

The Peclet number is the product of the Reynolds number, Re = Dfuoop / p." and the
Schmidt number, Sc = p.,/ pD, and represents the ratio of convective to diffusive trans­
port. The boundary conditions on (7.101) are N* = I far upstream of the cylinder and
N* = 0 at its surface.

Since the dimensionless velocity field u* is itself a function of Re from the di­
mensionless Navier-Stokes equations, dimensional analysis implies immediately that N*
= N*(r*, Re, Pe), where r* denotes the dimensionless position. Our interest is in the
dependence of the flux of particles to the surface of the cylinder. The local flux of
particles to the cylinder surface is

(
aN) DNoo (aN*)

-D ar r=DI!2 = - Df ar* r*=1/2

The deposition of particles over the entire surface of the cylinder can be represented in
tenns of an average mass transfer coefficient kaY' such that the product of the mass
transfer coefficient, the surface area of the cylinder (7rDf Lf ) and the "driving force"
(N00 - 0) is equal to the local flux from the solution of the convective diffusion equation,
(7.101), integrated over the surface of the cylinder.

From the Brownian diffusion coefficients shown in Figure 5.7 we calculate that
for particles in air larger than about 0.01 p.,m in diameter, Sc » 1. (The Schmidt
number for particles in air is the same order of magnitude as for molecules of a liquid.)
Thus, even though Re is generally of order 1 or smaller, Sc is sufficiently large that in
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the cases of interest to us, Pe » 1. Physically, the large Peclet number implies that
convective transport greatly exceeds diffusive transport, and the only region in which
the two are of an equal order of magnitude is in a boundary layer close to the surface of
the body. Thus the mainstream flow carries most of the particles past the cylinder and
only in the immediate neighborhood of the cylinder is the diffusional process important.
In this concentration boundary layer the particle number concentration drops sharply
from the free stream value of N* = 1 to N* = O.

The collection efficiency for a cylinder is defined as the number of particles con­
tained in the projected area of the cylinder deposited per unit time divided by the total
flow of particles in that area. The number deposited per unit time on the surface of a
cylinder of length Lf is kay ( 7fDf Lf ) (N00 - 0), and the total flow in the projected area
is uooNoo(DfLf ). Thus

(7.103 )

Friedlander (1977) presents the detailed solution of the convective diffusion prob­
lem to a cylinder, yielding the collection efficiency

TJ = 3.68AJl3 Pe-2
/

3 (7.104)

where the value of Af depends on the particular flow field used. For the flow field of
(7.95) and (7.96), Af = [2 (2.0 - In Re)] -I, and for the Kuwabara flow field, (7.97)
and (7.98), Af = (2 KU)-I.

Since D = kTCc!37fp.D
J
J' the collection efficiency of Brownian diffusion decreases

as Dp increases according to D;2/3. Thus a plot of the logarithm of the efficiency versus
the logarithm of particle diameter should exhibit a slope of - ~ .

7.5.5 Deposition of Particles on a Cylindrical Collector by
Interception

Collection by interception occurs because the particle has a finite size. Thus if the par­
ticle center approaches within a distance of Dp /2 of the collector surface, then collection
occurs. To calculate the efficiency of collection by interception we need to determine
what fraction of the particles approaching the collector will pass within a distance Dp /2
of the collector surface. The usual approaches to doing this ignore the hydrodynamic
interaction between the particle and the collector that results from forced drainage of the
fluid from the narrowing gap during approach and also neglect the effect of intermolec­
ular forces of attraction between the collector and the particle (Spielman, 1977). (Elec­
trostatic forces due to charging of the particle and collector, if present, are accounted
for.)

Collection by interception can be approximated by neglecting any particle inertia
and assuming that incoming particles simply follow the streamlines of the flow exactly.
In so doing, we need only to determine the fraction of the flow in the projected upstream
area of the collector that passes within a distance Dp /2 of the collector surface. For the
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velocity fields we have been considering, the collection efficiency is just

(7.105)

(7.106)

where, due to the neglect of particle inertia, this expression is most applicable if Dp / DJ« I.
Actually, Brownian diffusion and interception can be treated simultaneously using

(7.100) with the modified boundary condition that N = 0 at the collision envelope r =

DJ /2 + Dp /2 rather than at r = DJ /2. Analysis of (7.100) under this condition gives
(Friedlander, 1977)

~ ~ Pe = f lAJ (~YPe j
which includes both (7.104) and (7.105) as special cases, since (7.104) can be expressed
as ~ (Dp / DJ ) Pe = 3.68 [AJ (Dp / DJ )3 Pel 1/3, and (7.105) can be rewritten as ~ (Dp / Dr)
Pe = 2 [AJ (Dp / DJ ? Pe]. We reiterate that both (7.105) and (7.106) neglect any par­
ticle inertia (except that inherent in the concept of a particle's Brownian motion).

7.5.6 Deposition of Particles on a Cylindrical Collector by
Inertial Impaction and Interception

The final mechanism of particle collection that we consider is inertial impaction. As we
described earlier, inertial impaction results because sufficiently massive particles are
unable to follow curvilinear fluid motion and tend to continue along a straight path as
the fluid curves around the collector. Therefore, when one accounts for particle inertia,
the collection efficiency will exceed that calculated for interception alone without particle
inertia (7.105), because some particles assumed to follow the flow streaml ines around
the collector cannot do so because of this mass. The basic approach to analyzing inertial
impaction is to compute the trajectories of particles that approach the collecting cylinder
and to determine those upstream locations from which particles are collected. Figure
7.20 shows the geometry of the collection of a particle by inertial impaction and inter­
ception. The trajectory of a particle initially at a distance Yt from the centerline is shown.
If all particles between the centerline and Yl are captured and all particles farther from
the centerline than YI escape collection, the flow streamline through Yl is the limiting
streamline and the particle trajectory through Yl is the limiting or critical trajectory.
Once YI has been determined, the collection efficiency is just ~ = 2Yl / Dr. If the critical
trajectory is taken as that passing within a distance Dp /2 of the cylinder surface rather
than touching the surface, interception is automatically included within the analysis. Our
object, then, is, by calculating particle trajectories, to identify the distance YI and thereby
the collection efficiency for combined impaction and interception.

In the absence of external forces on the particle, its equation of motion is given
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---- Limiting particle trajectory
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I<'igure 7.20 Collection of a particle by a cylinder placed transverse to the flow carrying
the particles by the mechanisms of inertial impaction and interception.

Chap. 7

by (5.19)

dv
r-=u-v

dt
(7.107)

where r = Pp CcD~/ 18f.L. The particle trajectory is detennined by integrating (7.107).
It is advantageous to address the problem in Cartesian coordinates, so the fonn of (7.107)
that we integrate to detennine the particle trajectory, (x (t), y (t) ), is

d 2x dx
r - + - = u (7.108)

dt 2 dt x

d 2y dy
r- + - = U

dt 2 dt Y
(7.109)

With reference to Figure 7.20, the initial conditions on (7.108) and (7.109) are

x(O) = b
dx

dt r=O
(7.110)

y(O) = Yl (7.111)

At this point we need to specify the velocity field in Cartesian coordinates. Upon
transfonning the Kuwabara velocity field (7.97) and (7.98) into Cartesian coordinates,
it is clear that a numerical solution of (7.108) and (7.109) is necessary. We can obtain
an approximate solution by replacing the exact expressions for ux and uy by appropriate
average velocities between points 1 and 2 in Figure 7.20 (Crawford, 1976). The average
velocity in the x-direction between points 1 and 2 is

(7.112)
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Now, b is chosen so that UX II
= Ux 12 Y2. Thus

-uoo ' Equating mass flows at planes 1 and 2, -UooYI

(7.113)Ux =: - U
oo (1 +~)
2 Y2

The average velocity in the y-direction is obtained by noting that the fluid must travel
the vertical distance from 1 to 2 in the time during which it travels horizontally,

Y2 + Df /2 - YI
uy = -b/u

x

= ;; l(Y2 + ; - Y I ) (1 + ~) J (7.114)

Now we need to obtain a relation between Yt and Y2' We see that YI and Y2 lie on
the same fluid streamline. Streamlines in a flow are defined by the stream function '1',
such that lines of constant '1' are the streamlines. The stream function for the Kuwabara
flow field was given by (7.99). To obtain a relation between YI and Y2, we note that the
stream function at point 2 where 0 = 7l" /2 and r = Df /2 + Y2,

I
Uoo[(Df/2)+Y2]l. Df +2Y2

'1' = - 2 In - I + a
2 2Ku Df

D} (a) 2a (Df )2l
+ 4[(Dd2 ) + Y2]2 1 -"2 - D} 2 + Y2 J (7.115)

The value of the stream function at point 1 is '1' II = - U OO YI' * Equating the values of
'1' at the two points gives the desired relation between YI and Y2'

2Yt = _1_ (I + 2Y2 ) I2In (1
Df 2Ku Df l

1 -+ a + ------'----:;-
(1 + 2ydDf

(7.116)

This equation gives us the relationship between any two points at planes 1 and 2, as
expressed by the distance YI from the Y = 0 line at plane I and by the distance Y2 from
the cylinder surface at plane 2, that lie on the same streamline of the Kuwabara flow
field. Now we need to find that particular streamline on which a particle starting at
position YI at plane 1 is just captured, that is such that its trajectory comes within a
distance Dp /2 of the cylinder surface at plane 2. To find the starting location YI such
that a particle is just captured, we tum to the equations of motion of the particle.

As noted, in order to make the problem more tractable we will replace Ux and u"

*To see this, note that u, = -a'!! jay. At point I, u, = -Uoo- Integrating from the y = 0 streamline

along which'!! = 0 to y = y, gives'!! = U m y,.
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in (7.108) and (7.109) by Ux and uy ,

dZx dx
T- + - = u

dt Z dt x

to be solved subject to

(7.117)

(7.118)

x(O) = b

y(O) = Yt

dx

dt t~O

dy = 0
dt t=O

(7.119)

(7.120 )

-blUr Thus

The solution of(7.117) and (7.118) subject to (7.119) and (7. 120) is

x(t) = b + uxt

y(t) = Yt - uyT(l - e-t
/

T
) + uyt

For capture to occur, Y = (Df + Dp )/2 when x = O. This occurs at t =
(7.122) becomes

Df + Dp - uvb- + - (1 _ b/ux T ) + -'-Y, - 2 UyT e -
Ux

(7.121)

(7.122)

(7.123)

This equation provides a relationship among the starting position Y" the particle
properties, Dp and T, and the average flow field, Ux and uy , for a particle that is just
captured at x = O. Equation (7.123) therefore defines the limiting trajectory. All parti­
cles that start out at plane 1 with Y ::5 Yt are collected, and vice versa.

We now have (7.116), which relates YI and Yz along any streamline of the flow,
and (7.123), which specifies that particular Yt for which capture is just attained. Note
that these two equations are coupled since Ux and uy depend on both Y, and Y2 through
(7.113) and (7.114). Thus we now have two equations (7.116) and (7. 123), in the two
unknowns YI and Yz. (We are not really interested in the value of Yz.)

At this point we need to address the upstream distance b. Recall that we related
the fiber volume fraction c¥ to the length of fiber per unit volume of filter by (7.89). Let
the cylinder of radius b be the void region around the cylinder. This idea is consistent
with the choice of b as that point where the approach velocity can be taken as U OO ' Thus
c¥ = D} 14b2 or

(7.124)

It is useful to place our results in dimensionless form so that the problem need not
be resolved for every different combination of variables. The natural length scale to use
is the diameter of the cylinder Df , and the characteristic velocity is the approach velocity
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uO'. Thus the two components of the average velocity can be expressed as

U 1 ( 2Y1/Df)u: = -2 I + 2Y2/Df

uy = * r(1 + 2Y1/Df ) (1 + 2yz _ 2Yl )l
uO' 2 l 2yz/Df Df Df J

Using (7.125) and (7.126) in (7.123), we obtain

(
Dp ) I l( 2Yl / Df ) ( 2yz 2Y1 ) J1 + - + St "a 1 + -- 1 + - - -o ~/0 0 0

X 1'1 _ exp \ __1_ (1 + 2YI/Df)-lli _ (1 + 2yz _ 2Yl )
l .. St * 2yz/Df Jj Df DJ

(7.125 )

(7.126)

(7.127)

(7.128 )

where the dimensionless distances, 2Yl / DJ and 2yz/DJ, are seen to depend on the in­
terception parameter, Dp / DJ , the packing fraction a, and the Stokes number, St =

UO' T 1DJ = PI' CcD~ UO' 1 181J-DJ, the ratio of the stop distance to the diameter of the fiber.
The collection efficiency is just y/ = 2Yl 1DJ. To determine the efficiency, (7.116) and
(7.127) must be solved simultaneously for 2Yl / DJ and 2yz/DJ. It is easiest to eliminate
2Yl 1DJ from (7.127) using (7.116) to obtain a single equation for 2YziDJ that can be
solved numerically.

We see that the collection efficiency depends on three dimensionless parameters,
Dp 1Df , a, and St. Actually, we could have anticipated the dependence of the collection
efficiency on these three dimensionless parameters by initially making the particle equa­
tion of motion (7.107) dimensionless at the start of the analysis by letting u* = u 1uO',
v* = viuO', and t* = tuO' 1DJ. The result is

dv*
St - = u* - v*

dt*

Since u* is a function of a, and the solution of (7.128) is evaluated at y* = (Dp/ DJ +
1) 12, the dimensionless particle trajectory is seen to depend only on St, a, and DplDJ.

The collection efficiency for combined impaction and interception is a function of
the Stokes number, St = PpCD~uO'/181J-DJ' the packing density a, and the ratio of
particle to fiber diameter, DplDJ. Figure 7.21 shows y/ as a function of St for a = 0.001,
0.01, and 0.1, and DplDJ = 0.1 calculated based on our approximate analysis. The
results clearly show the effect of changing a. For the larger values of a the streamlines
lie closer to the cylinder than at smaller a (recall Figure 7.19). Thus, at fixed Stokes
number, increasing a leads to increasing collection efficiency since the streamlines are
crowded closer and closer to the cylinder, allowing fewer particles to escape past the
cylinder. Conversely, to attain the same collection efficiency at a smaller value of a
requires greater particle inertia (i.e., Stokes number).

The parameter b is related to a by (7.124) and is treated as the distance along the
x-axis at which the flow is undisturbed by the presence of the cylinder. For a = 0.1,
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Figure 7.21 Collection efficiency for combined impaction and interception for a cyl­
inder placed transverse to the flow as a function of Stokes number for DI'/Df = 0.1.

the value of b I Df is calculated to be 1.58. The solution for the stream function actually
begins to break down for xlDf values exceeding this value; fortunately, we only need
the flow field in the vicinity of the cylinder. For cy = 0.01, b I Dr = 5, and for cy =

0.001, blDf = 15.8.
Continuing with Figure 7.21, we see that at a fixed value of cy the collection effi­

ciency increases with increasing Stokes number, eventually reaching a value of unity.
Physically, a convenient way to think of increasing St is to imagine the particle density
PI' increasing at fixed size Dp and approach velocity U OO ' Thus, as St increases the particle
becomes heavier and heavier and is less able to follow any changes in the flow field. A
point is eventually reached as St increases where all the particles contained in the up­
stream projected area of the cylinder are collected; in fact, we see that YJ values slightly
larger than 1.0 are obtained, reflecting the interception contribution from particles even
initially outside the upstream projected area of the cylinder but within the collection
envelope at r = (Df + Dp )/2.

Example 7.8 Collection Efficiency by Inertial Impaction and Interception

In this section we presented an approximate solution to the detennination of the collection
efficiency of a cylinder by combined inertial impaction and interception. The approximation
arose in using the average velocity components u, and u" as given by (7. 113) and (7. 114).
and by assuming that the critical particle trajectory for capture is that which passes within
a distance Dp /2 of the cylinder surface at e = 7l' /2. In this example we want to integrate
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(7.108) and (7.109) subject to (7.110) and (7.111) using the exact Kuwabara velocity field
and compare the calculated collection efficiencies to those obtained using the approximate

analysis.
The Kuwabara velocity field in Cartesian coordinates is found from (7.97) and (7.98)

by using

Ux = U r cos () - Ue sin ()

U y = U r sin () + Ue cos ()

and r2 = x 2 + y2. Doing so, we find

U oo [4(X 2 + y2) x 2 + 3/ y2 - x 2

Ux = - 2 Ku In D} + 0: - 0: D} /2 + x 2 + /

D} ( 0:) x
2

_ y2 ]
+ 4 1 -"2 (x2 + y2)2

U oo [2xY D} xy ( 0:) 40:xy l
uy = 2 Ku x 2 + y2 - 2(x2 + y2)2 1 -"2 - D} ..

To determine the trajectory of a particle we solve (7.108) and (7.109) using this Ux

and uy subject to (7.110) and (7.111). At this point it is advantageous to put everything in
dimensionless form. Let ZI = x/Df , Z2 = y/Df , t* = tiT, and 5t = uooT/Df , and we
obtain

~::; + ~~~ = - 2~u [In (4(zT + zm + 0: - 20:(zT + 3zD

2 2 l( ) 2 2lZ2- Z I 10: ZI-Z2

+ zT + d + 4: -"2 (zT + d(

to be solved subject to

1 dZ I uxCb, YI) T
ZI (0) = .r;;

dt* Df2 0: t* =0

Z2(0) = ~
dZ 2 =0

f dt* t* =0

These two second-order ordinary differential equations must be solved numerically.
A convenient way to do so is to convert the two second-order ordinary differential equations
into four first-order ordinary differential equations by letting WI = ZI, W2 = Z2, W3 = dZ I / dt*,
and W4 = dz 2/ dt*. The four new dependent variables, WI' W2, W3, and W4 now satisfy four
first-order ordinary differential equations, the first two of which are

dWI
dt* = W3

dW2
dt* = W4
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and the second two of which are obtained from the original equations by noting that dW3 / dt*
= d 2z1/dt*2 and dW4/dt* = d 2zZ/dt*2. We have solved these four coupled differential
equations using a fourth-order Runga-Kutta method.

The solution gives the trajectory of a particle starting at t* = 0 at Z1 = (2a 1/2)-1

and Z2 = Yl / Df . To determine the collection efficiency it is necessary to solve the equations
repeatedly for ever-increasing values of Y1 to find that value of Y1 for which the particle just
escapes capture. This entire procedure is then repeated for a series of different Stokes num­
bers.

Figure 7.22 shows the trajectory of a particle and the streamline on which it starts
for St = 1, a = 0.1, Dp / Df = 0.1, and Y1 / Df = 0.2. The approximate and exact collection
efficiencies are compared in Figure 7.23 for a = 0.1 and Dp / Df = 0.1. The maximum
difference between the two efficiencies is about 75 %, occurring in the vicinity of St = 0.1.

------------------------,

1.0-

FlUid streamline

0.5

o ,_.L-.L-.L-.L--'--'-~_'__'__'__'__'__'___'___'___'___'___'___'__--'-~ Figure 7.22 Particle trajectory approach-
o 0. 5 10 15 20 ing a cylinder in the Kuwabara flow field for

St = I, ex = 0.1, D,,/Dj = O.l, and y,/Dr
= 0.2.

1.0

01

001
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Exact
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Figure 7.23 Approximate and exact col­
lection efficiencies for inertial impaction and
interception by a cylinder. The Kuwabara
flow field is assumed with a filter solid frac-

o00 1L---L-'-LLLWL---'---'-L.LLLlJLL..--L-L.LL.LUil----'--'---'--'.Lll.lJ tion ex = O. 1. The approximate efficiency is
0001 001 01 10 10 that already given in Figure 7.21; the exact

is that determined from numerical solution
of the particle trajectories.



Sec. 7.5 Filtration of Particles from Gas Streams 449

100°r---------------------,

80°

Figure 7.24 Critical impaction angle as a
10 function of Stokes number for exact solution

of particle trajectories using Kuwabara flow
field and filter solid fraction a = 0.1.

1.00.1

St

001
0° L----"-----"---LLULJ"-----'--L-LL.LLLLl.---'---"---LL-Lllil-----'---'---'--L--l..l..1.lJ

0001

In view of the approximate nature of the Kuwabara velocity field, this discrepancy is prob­
ably not large enough to invalidate the approximate result.

In deriving the collection efficiency by the approximate approach, we assumed that
the critical angle for capture is () = 7f /2. We can evaluate this assumption by plotting the
angle of impaction obtained from the exact solution as a function of Stokes number (Figure
7.24). The results of the exact solution show that the critical angle for impaction can get
as low as 30° instead of the 90° assumed in the approximate solution. We see that () ->

90° as St -> 0 and also as St -> 00. In the case of St -> 0, the particle merely follows the
flow streamlines, and the critical angle for collection will be 90°. On the other hand, in the
limit of St -> 00, the details of the flow streamlines around the cylinder are irrelevant since
the particle proceeds on a straight line to the cy linder. Thus the critical angle for capture
will also be 90°, reflecting particles starting out at YI = (Dp + Dr) /2.

The analysis we have presented strictly applies when the size of the particle is much
smaller than the diameter of the collecting cylinder. The Kuwabara velocity field has been
modified in the case where the particle and cylinder are the same order in size by Yeh and
Liu (1974).

7.5.7 Collection Efficiency of a Cylindrical Collector

We can now summarize and evaluate the collection efficiencies by Brownian diffusion,
interception, and inertial impaction. The collection efficiency for deposition by Brown­
ian diffusion is given by (7.104). As we noted, by this mechanism the efficiency de­
creases as Dp increases according to the two-thirds power of Dp . Interception efficiency
was calculated simply by determining those flow streamlines that fall within a "collision
envelope" at a distance of Dp /2 from the front half of the cylinder. In doing so, particle
diffusion and inertia are neglected; only the velocity field is needed. Such an analysis
gives the interception collection efficiency of (7.105). We see that this efficiency in-
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creases as particle size increases according to D;. Finally, a combined interception and
inertial impaction efficiency was obtained by detemlining the particle trajectory, called
the limiting trajectory, that comes within a distance of Dp /2 of the cylinder. Since the
latter analysis includes both interception and inertial impaction, the collection efficiency
will be larger than that predicted on the basis of interception alone. Similarly, by setting
Dp / Df = 0, a pure inertial impaction efficiency can be determined. Although there does
not exist a closed-form expression for the inertial impaction efficiency, we expect that
impaction efficiency should increase with increasing particle size and fluid velocity.

Figure 7.25 shows YJ for combined impaction and interception as a function of St
for IX = 0.001,0.01, and 0.1, and Dp/Df = 0.001,0.01, and 0.1 as calculated from
the approximate analysis in the preceding section. In studying the effect of varying Dp / Df
we see clearly the influence of interception on the collection efficiency. As St ---t 0, the
collection efficiency reflects pure interception only. (Again, think of St ---t 0 as reflecting
Pp ---t 0.) Assuming that the effect of impaction is largely negligible at St = 0.001, the
intercepts of the YJ curves show how the collection efficiency by interception varies with
both IX and Dp/Df . At very small Dp/Df (e.. g., 0.001) we expect very low collection
efficiency due to interception. The efficiency from pure interception was given by (7.105),
so that YJ increases as (Dp/ Df )2. The intercept values shown for Dp/ Df = 0.001 and
0.1 can be confirmed to adhere to (7.105). At large enough Stokes number the efficiency
curves for the different values of Dp / Df converge as impaction replaces interception as
the principal mechanism of collection.

It is of interest to compare the three mechanisms of collection: Brownian diffusion,
impaction, and interception. The collection efficiency for Brownian diffusion (7.104)
depends on the Peclet number. To represent the collection efficiency on a single plot as
a function of the Stokes number, we need only specify the approach velocity UOO' Figure
7.26 shows YJ as a function of St for IX = 0.1, Dp / Df = 0.1, and U oo = 1.0 cm S-I. The
curve for diffusion efficiency shows the expected decrease in efficiency for increasing
Stokes number (heavier, less mobile particles).

Figure 7.27 is the more commonly used representation of collection efficiency
versus particle diameter. The values of IX and Uoo are the same as in Figure 7.26, but Dp

is now allowed to vary, with Df fixed at 1.0 {tm. Thus, now the ratio Dp / Df varies along
the curve. As Dp / Df approaches unity, the assumptions made in the impaction/intercep­
tion theory begin to break down. For example, hydrodynamic interactions between the
particle and the cylinder become important. Therefore, the portion of the curve that
exceeds YJ = 1.0 is not correct. (For example, for IX = 0.1, Df = 1.0 )tm, b = 1.58
{tm, and the particle actually starts at a distance from the cylinder less than its diameter.)
The overall collection efficiency versus particle diameter curve shown in Figure 7.27
exhibits a minimum in the efficiency between 0.1 and 1.0 )tm in diameter. In this range
the particle is large enough so that its Brownian diffusivity is too small to lead to a
substantial collection efficiency by that mechanism, and at the same time, it is too small
for its inertia to be large enough so that impaction can be a strong contribution. In fact,
by now we are not surprised to see this type of aerosol collection behavior, wherein a
minimum in the collection occurs in the range 0.1 to 1.0 {tm.
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Figure 7.26 Collection efficiencies by Brownian diffusion and impaction/interception
for a cylinder placed transverse to the flow as a function of Stokes number for a = 0.1,
Dp/Df = 0.1, and U oo = 1.0 cm s"

7 .5.8 Industrial Fabric Filters

Industrial fabric filtration is usually accomplished in a so-called baghouse, in which the
particle-laden gases are forced through filter bags. Particles are generally removed from
the bags by gravity. Figure 7.28 shows three baghouse designs, in which cleaning is
accomplished by vibration [Figure 7.28(a)], air jet [Figure 7.28(b)], or traveling ring
[Figure 7.28(c)].

The fabric filtration process consists of three phases. First, particles collect on
individual fibers by the mechanisms we have already considered. Then an intermediate
stage exists during which particles accumulate on previously collected particles, bridging
the fibers. Finally, the collected particles form a cake in the form of a dust layer that
acts as a packed bed filter for the incoming particles. As the dust layer accumulates, the
pressure drop across the filter increases, and periodically the dust layer must be dislodged
into the hopper at the bottom to "regenerate" the fabric bag. High efficiencies are at­
tainable with fabric filters, particularly in treating combustion gases from coal-fired boil-
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ers. To the extent that effective operation of an electrostatic precipitator depends on the
presence of S02 in the gas as an ionizable species, fabric filters can operate with no loss
of efficiency with low-sulfur fuel.

Fabric filters consist of semipermeable woven or felted materials that constitute a
support for the particles to be removed. A brand-new woven filter cloth has fibers roughly
100 to 150 /lm in diameter with open spaces between the fibers of 50 to 75 /lm. Initially,
the collection efficiency of such a cloth is low because most of the particles will pass
directly through the fabric. However, deposited particles quickly accumulate, and it is
the deposited particle layer that enables the high-efficiency removal once a uniform sur­
face layer has been established. Although fiber mat filters are similar in some respects
to fabric filters, they do not depend on the layer of accumulated particles for high effi­
ciency. Fiber mat filters generally are not cleaned but are discarded. They are ordinarily
used when particle concentrations are low, so that resonable service life can be achieved
before discarding.

Fabric filters offer the following advantages: (1) they can achieve very high col­
lection efficiencies even for very small particles; (2) they can be used for a wide variety
of particles; (3) they can operate over a wide range of volumetric flow rates; and (4)
they require only moderate pressure drops. The limitations of fabric filters are: (1) op­
eration must be carried out at temperatures lower than that at which the fabric is de­
stroyed, or its life is shortened to an uneconomical degree; (2) gas or particle constituents
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Figure 7.28 Three designs for a baghouse (a) motor-driven vibrator, (b) air jet, (c) cleaning ring
for removing particles from fabric filters.

that attack the fabric or prevent proper cleaning, such as sticky particles difficult to
dislodge, are to be avoided; and (3) baghouses require large floor areas. The advantages
of fabric filter baghouses clearly outweigh their limitations, as they currently represent
close to 50% of the industrial gas-cleaning market.

In a fabric filter the particle layer performs the removal task. As the layer of col­
lected particles grows in thickness, the pressure drop across the particle layer and the
underlying fabric increases. The two major considerations in the design of a fabric filter
assembly are the collection efficiency and the pressure drop as a function of time of
operation (since the last cleaning). Dennis and Klemm (1979) (see also Turner and
McKenna, 1984) developed a series of equations for predicting outlet concentration
through a fabric filter. The collection efficiency depends on the local gas velocity and
the particle loading on the fabric. Empirical correlations for the pressure drop through a
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combined fabric-dust layer are available in Turner and McKenna (1984) and Cooper and
Alley (1986).

7.5.9 Filtration of Particles by Granular Beds

An alternative to filtration in fibrous beds is the use of granular beds. The granular bed
can be a fixed (packed), fluidized, or moving assemblage of inert particles. In the anal­
ysis of a granular bed filter, the bed is usually assumed to consist of an array of spherical
elements through which the particle-laden gas flows. As before, the essential component
of determining overall collection efficiency is the efficiency for particle capture by a
single filter element, in this case a sphere. And, as before, collection occurs by the
mechanisms of inertial impaction, interception, and diffusion. Gravity may also be im­
portant. A comprehensive experimental study of packed-bed filtration was reported by
Gebhart et al. (1973), and their data were subsequently correlated by Balasubramanian
and Meisen (1975). Given the single-sphere collection efficiency YJ, the overall collection
efficiency of a granular bed of length L can be derived as follows.

Let D s be the uniform diameter of each sphere comprising the bed. The collection
efficiency of a single sphere is defined as the ratio of the number of particles collected
per unit time to that in the projected upstream area, 7rD~ 14, of the sphere. As in the
case of the fibrous bed, the interstitial gas velocity in the bed, ucx" is greater than that
approaching the filter, U, due to the volume of the flow excluded by the spheres. The
volumetric flow rate of air through the filter is Q = uAn so, as before, Q = uooAc( 1
a), so Uoo = ul( 1 - a). If the number of spheres per unit volume of the bed is N" the
solid fraction a of the bed is a = (7r 16) D;N,.

We now perform the customary balance on the number concentration of particles
over a differential element of bed depth dx. The flows into and out of the element dx are
QN Ix and QN Ix + dx, respectively. The number of particles removed per unit time in the
element dx is the product of the flow rate of particles into the element and the fraction
that is removed,

Thus the balance over dx is

AcU(Nlx - Nlx+dx) = (~D~YJN\) (uooNU (Acdx)

Eliminating N, in terms of a, using the relation between U and uoo , and taking the limit
of dx -> 0, we obtain

dN = _~ (_a_) l N (7.129)
dx 2 I-a D,

to be solved subject to N(O) = No. The overall bed efficiency YJh = 1 - N(L)INo, so

'rIh = 1 - exp [-~ (_a_) 'riLl (7.130)
L 2 1 - a D s j
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A number of authors have considered the efficiency of collection of particles by
spheres (Michael and Norey, 1969; Paretsky et ai., 1971; Nielsen and Hill, 1976a, b;
Rajagopalan and Tien, 1976; Tardos et ai., 1976, 1978; Tardos and Pfeffer, 1980).
Tardos and Pfeffer (1980) have derived an expression for the collection efficiency of a
single sphere by interception and gravitational effects when Dp / Ds « 1,

fJ = (1 + DDP

s

)2 fJe + __fJ_R__
+ Gr St

(7.131 )

(7.132)
fJe = 1 + Gr St

with Gr = Dsg /2u~ and St = Ppu oo CcD~/9I-tDS' and where the efficiency for intercep­
tion is

where the efficiency for gravitational collection,

Gr St

fJR = ~ (~)3 (Dp
)2

2 I-a D,
(7.133)

Note that the collection efficiency due to gravitational effects is independent of the flow
field and is therefore independent of the bed solid fraction a. The efficiency expression
(7.131) has been shown by Tardos and Pfeffer (1980) to be applicable for values of the
Stokes number smaller than about St = 0.05. For larger values of St, a combined in­
ertial, interception, and gravitational efficiency must be computed using the limiting
trajectory .

7.6 WET COLLECTORS

Wet collectors, or scrubbers, employ water washing to remove particles directly from a
gas stream. Scrubbers may be grouped broadly into two main classes: (1) those in which
an array of liquid drops (sprays) form the collecting medium, and (2) those in which
wetted surfaces of various types constitute the collecting medium. The first class in­
cludes spray towers and venturi scrubbers, while the second includes plate and packed
towers. In this book we concentrate on the first class of devices.

Scrubbing is a very effective means of removing small particles from a gas. Re­
moval of particles results from collisions between particles and water drops. In the humid
environment of a scrubber, small, dry particles also grow in size by condensation of
water and thereby become easier to remove. Reentrainment of particles is avoided since
the particles become trapped in droplets or in a liquid layer. A scrubber also provides
the possibility of simultaneously removing soluble gaseous pollutants. The particle-laden
scrubbing liquid must be disposed of-a problem not encountered in dry methods of gas
cleaning.

A spray scrubber is a device in which a liquid stream is broken into drops, ap­
proximately in the range 0.1 to 1.0 mm in diameter, and introduced into the particle-
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laden gas stream. The array of moving drops becomes a set of targets for collection of

the particles in the gas stream, Collection efficiency is computed by considering the
efficiency of a single spherical collector and then summing over the number of drops per
unit volume of gas flow. The relative motion between the drops and particles is an
important factor in the collection efficiency because capture occurs by impaction and
direct interception. (Diffusion is also important for smaller particles.)

There are two general types of spray scrubbers. The first class comprises those
having a preformed spray where drops are formed by atomizer nozzles and sprayed into
the gas stream. These include:

1. Countercurrent gravity tower, where drops settle vertically against the rising gas
stream

2. Cross-current tower, where drops settle through a horizontal gas stream

3. Cocurrent tower, where spray is horizontal into a horizontal gas stream

The second class comprises those in which the liquid is atomized by the gas stream
itself. Liquid is introduced more or less in bulk into a high-velocity gas flow that shatters
the liquid into drops. Devices in this class are called venturi scrubbers since the high­
velocity gas flow is achieved in a venturi (a contraction).

Figure 7.29 illustrates four types of wet collection equipment. The simplest type
of wet collector is a spray tower into which water is introduced by means of spray
nozzles [Figure 7 .29(a)]. Gas flow in a spray chamber is countercurrent to the liquid,
the configuration leading to maximum efficiency. Collection efficiency can be improved
over the simple spray chamber with the use of a cyclonic spray tower, as shown in Figure
7.29(b). The liquid spray is directed outward from nozzles in a central pipe. An un­
sprayed section above the nozzles is provided so that the liquid drops with the collected
particles will have time to reach the walls of the chamber before exit of the gas. An
impingement plate scrubber, as shown in Figure 7.29(c), consists of a tower containing
layers of baffled plates with holes (5000 to 50,000 m-2) through which the gas must
rise and over which the water must fall. Highest collection efficiencies of wet collectors
are obtained in a venturi scrubber, shown in Figure 7.29(d), in which water is introduced
at right angles to a high-velocity gas flow in a venturi tube, resulting in the formation
of very small water droplets by the flow and high relative velocities of water and parti­
cles. The high gas velocity is responsible for the breakup of the liquid. Aside from the
small droplet size and high impingement velocities, collection is enhanced through par­
ticle growth by condensation. Table 7.1 summarizes particle scrubbing devices.

The collection efficiency of wet collectors can be related to the total energy loss
in the equipment; the higher the scrubber power, per unit volume of gas treated, the
better is the collection efficiency. Almost all the energy is introduced in the gas, and
thus the energy loss can be measured by the pressure drop of gas through the unit.

The major advantage of wet collectors is the wide variety of types, allowing the
selection of a unit suitable to the particular removal problem. As disadvantages, high­
pressure drops (and therefore energy requirements) must be maintained, and the handling
and disposal of large volumes of scrubbing liquid must be undertaken.
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TABLE 7.1 PARTICLE SCRUBBERS

Type Description

Plate scrubber

Packed-bed scrubber

Spray scrubber

Venturi scrubber

Cyclone scrubber

Baffle scrubber

Impingement-entrainment
scrubber

Fluidized-bed scrubber

Source: Calvert (1984).

7.6.1 Spray Chamber

A vertical tower containing one or more horizontal plates (trays). Gas enters
the bottom of the tower and must pass through perforations in each plate
as it flows countercurrent to the descending water stream. Platc scrubbers
are usually named for the type of plates they contain (e.g .. sievc plate
tower). Collection efficiency increases as the diameter of the perforations
decreases. A cut diameter, that collected with 50% efficiency, of about
I ",m aerodynamic diameter can be achieved with 3.2-mm-diameter holes
in a sieve plate.

Operates similarly to packed-bed gas absorber (see Chapter 8). Collection
efficiency increases as packing size decreases. A cut diameter of 1.5 ",m
aerodynamic diameter can be attained in columns packed with 2.5-cm
elements.

Particles are collected by liquid drops that have been atomized by spray
nozzles. Horizontal and vertical gas flows are used, as well as spray
introduced cocurrent, countercurrent, or cross-flow to the gas. Collection
efficiency depends on droplet size, gas velocity, liquid/gas ratio, and
droplet trajectories. For droplets falling at their terminal velocity, the
optimum droplet diameter for fine-particle collection lies in the range
100 to 500 ",m. Gravitational settling scrubbers can achieve cut diameters
of about 2.0 ",m. The liquid/gas ratio is in the range 0.001 to 0.01 m'
m' 3 of gas treated.

A moving gas stream is used to atomize liquids into droplets. High gas
velocities (60 to 120 m S'I) lead to high relative velocities between gas
and particles and promote collection.

Drops can be introduced into the gas stream of a cyclone to collect particles.
The spray can be directed outward from a central manifold or inward
from the collector wall.

Changes in gas flow velocity and direction induced by solid surfaces.

The gas is forced to impinge on a liquid surface to reach a gas exit. Some
of the liquid atomizes into drops that are entrained by the gas. The gas
exit is designed so as to minimize the loss of entrained droplets.

A zone of fluidized packing is provided where gas and liquid can mix
intimately. Gas passes upward through the packing, while liquid is
sprayed up from the bottom and/or flows down over the top of the
fluidized layer of par' ing.

We begin our analysis of spray scrubbing with the conceptually simplest of the devices,
a gravity spray chamber. Water droplets are introduced at the top of an empty chamber
through atomizing nozzles and fall freely at their terminal settling velocities countercur­
rently through the rising gas stream. The particle-containing liquid collects in a pool at
the bottom and must be pumped out for treatment to remove the solids, and the cleaned
liquid is usually recycled to the tower. A schematic of a spray chamber is given in Figure
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7.30. We assume that all the falling drops have the same diameter D,. The volumetric
flow rate of water fed to the top of the chamber is W (m3 s-I). If every drop has diameter
Ds' the number of drops per second fed to the top of the chamber and passing any point
in the chamber is W/[ ( 11" /6) D ~]. The drop concentration at any point in the chamber
is W/[ (11" /6) D~Ac v], where Ac is the cross-sectional area of the chamber and v is the
fall velocity of the drops. We assume that D s remains constant in the chamber.

If a drop of diameter D s is falling in still air, its terminal velocity VI is such that
the drag force is just balanced by the gravitational force on the drop. Now in the spray
chamber the drop is falling at a fall velocity v relative to a fixed coordinate system in
the presence of a rising gas velocity vg . Thus v is not the same as Vn due to the influence
of the rising gas. The new fall velocity v is still determined by the equality of the drag
and gravity forces. The drag force can be expressed from (5.8) as

W = Water feed rate

(7.134 )

..... X + dx

X

1
L

I
I----)o-(t·x + dx

I I
I I
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t
G = Gas feed rate

No = Feed concentration of particles

Figure 7.30 Spray chamber.
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where the drag force depends on the relative velocity between the drop and the gas, v
+ v~. By equating this drag force to the gravity force,

(7.135)

we find that the sum of the new fall velocity and the rising gas velocity equals the
terminal velocity in still air,

v + vg = v, (7.136 )

Given the drop size, we can compute (or find correlations for) v" and given the volu­
metric flow rate of gas through the unit, we can calculate vg . Thus we can compute the
water drop fall velocity from (7.136).

We now wish to derive an equation governing the overall collection efficiency of
a spray tower. Let YJ be the collection efficiency of particles on an individual droplet,
defined as the ratio of the cross-sectional area of the hypothetical tube of gas from which
the particles are all removed to the frontal area of the droplet. Consider a differential
section of chamber height as shown in Figure 7.30. The number of particles removed
per second from the gas stream over dx is just

This quantity is equated to the product of the fraction of the volumetric flow of gas
through dx from which all particles are removed and the total incoming number of par­
ticles per second. The total incoming number of particles per second is N Ix vgAC' Thus
we need to obtain an expression for the fraction of the volumetric flow of gas through
dx from which all particles are removed.

The distance dx is fixed as the distance a drop falls in time dt relative to the cham-
ber,

dx = v dt

During the time dt the volume of air that flows through the hypothetical tube having the
frontal area of the droplet is

where v, is the relative velocity between the droplet and the gas. This quantity can be
expressed in terms of dx as

(

7[" 2) v,-D -dx
4 S v

Now the volume from which all particles are removed by the single drop is

(~ D2) !!!. dx
YJ 4 S v
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Thus the total volume of gas swept clean per second by all the droplets in dx is

and the fraction of the volumetric flow of gas through dx from which all particles are
removed is

Then the number of particles removed per second from dx is

Thus

Taking the limit as dx -> 0 gives

dN

dx
(7.137)

Integrating (7.137) subject to N(O) = No gives

The overall spray chamber efficiency is

(7.138)

'Y/I = 1
N(L)

---
No

(7.139 )

The quantity ( W/ vgAc ) is the ratio of the volumetric flow rate of water to the volumetric
flow rate of air. This ratio is of basic importance in the operation of a scrubber. Liquid­
to-gas volumetric ratios usually fall in the range 2 to 20 gal of liquid per thousand cubic
feet of gas, or 0.27 X 10-3 to 2.7 X 10-3 m3 of liquid per m3 of gas. This ratio
determines the number of drops per unit volume of gas, 6Wl7rD; G. For example, the
number of droplets per cm3 at the two limits of the flow rate ratio for different droplet
diameters is
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WIG (m3 [iquid/m' gas)

463

D, (mm)

0.1
I

0.00027

516
0.516

0.0027

5159
5.16

If too small a D, is attempted at a high W/ G ratio, the drop concentration would be so
large that collision and coalescence would probably occur, driving the droplet population
to larger sizes and lower concentration.

In summary, the overall efficiency of a spray tower increases as the collection
efficiency of a single drop increases, as the length of the chamber increases, and as the
ratio of the volumetric flow rate of water to that of air increases. It increases as the
diameter of the drops decreases.

7.6.2 Deposition of Particles on a Spherical Collector

The collection efficiency of a sphere is equal to the ratio of the total number of collisions
per second occurring between particles and the spherical collector to the total number of
particles per second flowing into the tube having the cross-sectional area of the sphere.
We can follow exactly the same approach as we did in determining the collection effi­
ciency of a cylinder by Brownian motion, impaction, and interception; only here we
need the flow field around a sphere. However, the current problem is somewhat more
complicated than just being the spherical analog of the cylindrical collector. The col­
lecting spheres are falling water drops, which may develop internal circulations that
influence the flow field of the gas in their vicinity. Also, drops of sufficiently large size
may no longer be spherical as they fall, although we will not include this aspect in our
analysis. An alternative to the approaches in Section 7.5 is to rely on dimensional anal­
ysis to suggest the dimensionless variables on which the collection efficiency should
depend. To formulate a correlation for 'YJ based on dimensional analysis, we must identify
the dimensionless groups that arise in the dimensionless equations of motion of a par­
ticle. We are interested specifically in the case of falling water droplets. Allowing for
the possibility of internal circulations in the drop that may affect the flow field around
it, we find that 'YJ depends on eight variables: Dp , Ds, v, vg , !J-w, !J-aip D, Pair' These eight
variables have three dimensions. By the Buckingham pi theorem, there are eight minus
three, or five, independent dimensionless groups. The actual groups can be obtained by
nondimensionalizing the equations of motion for the fluid and the particles. The five
dimensionless groups are:

DsV,PairRe = ---'0----"-=

!J-air
Reynolds number of sphere

Sc !J-air

PairD
Schmidt number of particles
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w = /-tw
/-tair

Ratio of diameters of particle and drop

Viscosity ratio of water to air

(7.140)

Note that the Reynolds and Stokes numbers of the falling drop are based on the relative
velocity to the air, which is just its terminal settling velocity, Vt.

Slinn (1983) has presented the following general equation for the collection effi­
ciency of a sphere

"t/ = _8_ r. I + 0.4 Re1/2 SCI/3 + 0.16 Re l / 2 SC1/2l.
Re Sc L.fi .fi J

r 2 St - S 1..
3

/

2

+ 4K [ W-I + (1 + .fi Re1/2) K] + L2 St _ S : ~ J
* 3

1.2 + ~ In (1 + Re/2)
S = -----'-''------'----'---'-
* 1 + In (1 + Re/2)

The first term in (7.140) is the contribution from Brownian diffusion, the second is that
due to interception, and the third accounts for impaction. In (7.140) it is assumed that
both the collector drop and the collected particles have unit density. For particles of
density different from 1.0 g cm-3, the last term in (7.140) should be multiplied by
(Pw/ pp )1/2.

Figure 7.31 shows the single-sphere collection efficiencY"t/ as a function of Dp for
D s = 0.5, 1.0, 2.0, and 4.0 mm as predicted by (7.140). At a fixed value of D" at the
lower end of the size spectrum "t/ decreases with increasing Dp due to the decreased
importance of Brownian diffusion. At the large particle end of the spectrum "t/ increases
as Dp increases due to the predominant role of inertial impaction and interception. A
minimum in the collection efficiency is seen to exist between 0.5 and 1.0 /lm diameter.
At a fixed value of Dp , "t/ decreases as D s increases due to the decreased importance of
interception. The empirical nature of (7.140) is evident in the rather abrupt increase in
the efficiency at about Dp = 4 /-tm due to the impaction contribution. This abrupt change
is the result of attempting to fit two different physical phenomena into a single empirical
equation. Figure 7.32 shows "t/ as a function of D s for Dp ranging from I to 7 /-tm. The
increase in "t/ for Dp larger than 4 /-tm is due to the impaction contributions as predicted
by (7.140).

Equation (7.140) is quite general in that it accounts for all three collection mech­
anisms. In many scrubber applications inertial impaction is the predominant removal

mechanism, especially for particles larger than 1 tim in diameter. In that case Calvert
(1984) has suggested an alternative to (7.140) for the collection efficiency due to im-
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Figure 7.31 Collection efficiency (7.140) for a single sphere as a function of collected
particle diameter Dp at collector water droplet diameter D, = 50, 100, 500, and 1000
/lm. Conditions are for water droplets falling in still air at 298 K, 1 atm, collecting
particles of Pp = I g em ~3.
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Figure 7.32 Collection efficiency (7.140)
for a single sphere as a function of collector
water droplet diameter D, at collected par­
ticle diameters Dp = 1,2, 3, 4, 5, 6, 7 /lm.

Conditions are for water droplets falling in
still air at 298 K, 1 atm, Pp = 1 g cm- 3

•



466

paction only,

Removal of Panicles from Gas Streams

(
St )2

1J = St + 0.35

Chap. 7

(7.141 )

Figure 7.33 shows 1J from (7.141) as a function of D, for Dp 1 to 7 /lm for PI' = 1 g
cm - 3. For small droplets in the Stokes law regime, VI - D;, so as D, increases, St
increases proportional to D,. Thus, as D, increases, 1J increases. At intemlediate sizes
VI - D" St is constant, and 1J is constant. For large sizes VI increases less rapidly than
D" so St decreases as D, increases, leading to a decrease in 1J. Thus there is a value of
droplet diameter D, for which 1J is a maximum. The peak value of 1J occurs at about D,
= 600 /lm regardless of particle diameter Dp . The value of 1J at its peak is larger for
larger particles and is rather flat, extending for 200 or 300 /lm on either side of D, "'"
600 /lm. By comparing (7.141) to (7.140), we see that (7.141) should be valid for Dp

?: 6 /lm when 100 /lm :5 D, :5 1000 /lm.
The total effect of D, on the overall spray chamber efficiency is a result of the

variation of VI and 1J in (7.139). Since 1J is relatively constant with D, in the range around
D, = 600 /lm, the net effect on the factor r)V I /( 1'1 - vg ) D, is to makclJ{ a maximum at
the low end of the D, range, around 300 to 400 j.tm.

Example 7.9 Overall Efficiency of a Spray Chamber

We desire to calculate the overall efficiency of a spray scrubber as a function of water
droplet diameter, particle diameter, and ratio of water to gas volumetric flow rates. Assume

Ds (fL m)

Figure 7.33 Collection efficiency (7.141) for a single sphere as a function of collector
water droplet diameter D, at collected particle diameters D" = I, 2, 3, 4, 5, 6. 7 I'm.
Conditions are for water droplets falling in still air at 298 K, I atm, PI' = 1 g CI11-;
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f<"igure 7.34 Overall collection efficiency of a spray chamber as a function of droplet
diameter for the conditions of Example 7.10.
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that the collected particles have a density of 1 g cm - 3. The chamber has a diameter of I
m, is 5 m high, and operates at 298 K and 1 atm. Plot the overall collection efficiency as a
function of droplet diameter over the range D, = 50 {tm (0.05 mm) to 104 {tm (10 mm)
for particle sizes from Dp = 1 to 5 {tm and for water and gas flow rates of W = 0.001 m3

s- 1 and G = 1 m3 s- 1•

The following empirical equation can be used for the terminal velocity of water drop­
lets for Ds ~ 50 {tm,

where VI is in cm S-1 and D, is in cm. Figure 7.34 shows the overall efficiency 1/1 for the
spray chamber as a function of D s and Dp ranging from 1 to 5 {tm. The individual sphere
collection efficiency is that predicted by (7.140). Although droplet diameters exceeding 1
mm ( 1000 {tm) are unlikely, we have calculated 1/1 for Ds values up to 10 mm (1 cm) to
show that a maximum in efficiency is achieved for a particular range of D, values when
impaction is the controlling collection mechanism. The explanation for that maximum is
that at a fixed W / G, larger droplets imply fewer droplets and thus a decreased target area
for particle collection. As the droplets get very small, on the other hand, the Stokes number
decreases and the individual sphere impaction contribution decreases.

7.6.3 Venturi Scrubbers

Venturi scrubbers are employed when high collection efficiencies are required and when
most of the particles are smaller than 2 {tm in diameter. There are a number of instances,
in fact, where a venturi scrubber is the only practical device for a gas-cleaning appli-
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cation. If the particles to be removed are sticky, flammable, or highly corrosive, for
example, electrostatic precipitators and fabric filters cannot be used. Venturi scrubbers
are also the only high-efficiency particulate collectors that can simultaneously remove
gaseous species from the effluent stream.

The distinguishing feature of a venturi scrubber is a constricted cross section or
throat through which the gas is forced to flow at high velocity. A typical venturi config­
uration is shown in Figure 7.35. The configuration includes a converging conical section
where the gas is accelerated to throat velocity, a cylindrical throat, and a conical expan­
der where the gas is slowed down. Liquid can be introduced either through tangential
holes in the inlet cone or in the throat itself. In the former case, the liquid enters the
venturi as a film on the wall and flows down the wall to the throat, where it is atomized
by the high-velocity gas stream. In the latter, the liquid is injected perpendicular to the
gas flow in the throat, atomized, and then accelerated. Gas velocities in the range 60 to
120 m S-l are achieved, and the high relative velocity between the particle-laden gas

Clean gas out

t

Mist eliminator

Liquid out

Liquid
separator

Figure 7.35 Venturi scrubber.
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flow and the droplets promotes collection. The collection process is essentially complete
by the end of the throat. Because they operate at much higher velocities than electrostatic

precipitators or baghouses, venturi scrubbers are physically smaller and can be econom­
ically made of corrosion-resistant materials. Venturis have the simplest configuration of
the scrubbers and are the smallest in size.

A typical range of liquid to gas flow rate ratios for a venturi scrubber is 0.001 to
0.003 m3 liquid per m3 gas. At the higher liquid/gas ratios, the gas velocity at a given
pressure drop is reduced, and at lower ratios, the velocity is increased. For gas flow
rates exceeding about 1000 m3 min -I venturi scrubbers are generally constructed in a
rectangular configuration in order to maintain an equal distribution of liquid over the
throat area.

In essence, venturi scrubbers are cocurrent flow devices for which the incremental
collection along the axis of the venturi can be described by

(7.142)

where vI( and Vd are the gas (particle) and droplet velocities, respectively. One may
integrate (7.142) together with an inertial impaction expression for Y/ to obtain the overall
efficiency of a venturi scrubber as (Calvert, 1984)

where

II (W) vgP,D, J
Y/ = 1 - exp .- - --' F(K j)

t 55 G J.tg P
(7.143)

and Kp = 2 St. f is an empirical parameter that accounts for collection by means other
than impaction, such as particle growth due to condensation. It has been found that the
performance of a variety of large-scale venturi and other gas-atomized spray scrubbers
can be correlated with (7.143) usingf = 0.5. For hydrophobic particles in smaller units
f = 0.25.

7.7 SUMMARY OF PARTICULATE EMISSION CONTROL TECHNIQUES

Table 7.2 presents a summary of particulate emission control techniques, including min­
imum particle sizes, ranges of efficiency, and advantages and disadvantages of each type
of unit. In selecting a method to meet a particular gas cleaning need, the most important
consideration is the total cost (operating and equipment) of the method. The advantages
and disadvantages listed in Table 7.2 give an indication of the considerations that enter
into a determination of the cost of a particular device. Figure 7.36 shows typical collec­
tion efficiency curves for the devices considered in this chapter.



TABLE 7.2 SUMMARY OF PARTICULATE EMISSION CONTROL TECHNIQUES

Minimum Efficiency
particle (%)

size (mass
Device (I'm) basis)

Gravitational >50 <50
settler

Cyclone 5-25 50-90

Wet collectors
Spray towers
Cyclonic
Impingement
Venturi

>10
>2.5
>2.5
>0.5

<80
<80
<80
<99

Advantages

Low-pressure loss
Simplicity of design and

maintenance

Simplicity of design and
maintenance

Little floor space required
Dry continuous disposal of

collected dusts
Low-to-moderate pressure loss
Handles large particles
Handles high dust loadings
Temperature independent

Simultaneous gas absorption and
particle removal

Ability to cool and clean high­
temperature, moisture-laden
gases

Corrosive gases and mists can be
recovered and neutralized

Reduced dust explosion risk
Efficiency can be varied

Disadvantages

Much space required
Low collection efficiency

Much head room required
Low collection efficiency of small

particles
Sensitive to variable dust loadings

and flow rates

Corrosion, erosion problems
Added cost of wastewater

treatment and reclamation
Low efficiency on submicron

particles
Contamination of effluent stream

by liquid entrainment
Freezing problems in cold

weather
Reduction in buoyancy and plume

rise



Electrostatic
precipitator

Fabric
filtration

<1

<I

95-99

>99

99 + % efficiency obtainable
Very small particles can be

collected
Particles may be collected wet or

dry
Pressure drops and power

requirements are small compared
with other high-efficiency
collectors

Maintenance is nominal unless
corrosive or adhesive materials
are handled

Few moving parts
Can be operated at high

temperatures (573 to 723 K)

Dry collection possible
Decrease of performance is

noticeable
Collection of small particles

possible
High efficiencies possible

Water vapor contributes to visible
plume under some atmospheric
conditions

Relatively high initial cost
Precipitators are sensitive to

variable dust loadings or flow
rates

Resistivity causes some material
to be economically
uncollectable

Precautions are required to
safeguard personnel from high
voltage

Collection efficiencies can
deteriorate gradually and
imperceptibly

Sensitivity to filtering velocity
High-temperature gases must be

cooled
Affected by relative humidity

(condensation)
Susceptibility of fabric to

chemical attack
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Figure 7.36 Collection efficiencies for gas cleaning devices (Licht, 1980).

PROBLEMS

7.1. Derive expressions for the overall efficiencies with respect to number, surface area, and
mass of a device that has a collection efficiency

with a log-normal size distribution entering the device. Note: You may find the following
integral useful:

i
L2

ru [(u - /i)2] d (/2)1/2 rli r20t/2 [ rfl··L2 - (li + ra~)J·e exp - 2 U = 7f aue e e ~

LI _ 2a" v2au
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7.2. A particulate coUector has a coUection efficiency

An aerosol with a log-normal size distribution with D pg = 2 lIm and ag = 1.35 is passed
through the device. Compute the overaU efficiency of the device with respect to particle
number, surface area, and mass. Note: The formula given in Problem 7.1 is needed.

7.3. Several particulate collection devices are often operated in series, with each succeeding
device used to collect smaUer and smaUer particles. Consider n particulate removal devices
connected in series, such that the outlet stream from unit 1 is the inlet stream to unit 2, and
so on. If the efficiencies of the n devices are 1J 1(Dp ), 1J2 (Dp ), . . . , 1Jn (Dp ), show that the
total efficiency of the n units is

En = r{111(Dp ) + 1J2(Dp ) [1 - 1J1(Dp )] + ... + 1Jn(Dp )[1 - 1Jn-I(Dp )]

X [1 -1Jn-2(Dp )]' •• [1 -1JI(Dp )l}n(Dp )dDp

7.4. Design a plate-type settling chamber for a stream of 100 m3 s-I of air at 298 K and 1 atm
to collect particles of density 2.0 g cm-3. The chamber must not exceed 5 m in width or 6
m in height and must collect particles of 50 lIm with 99.5 % efficiency. Determine the length
of the chamber required if 100 trays are used. For simplicity, assume that Stokes' law may
be used to calculate the settling velocity of 50-lIm particles.

7.5. Air at 298 K and 1 atm laden with acid fog is led from a process to a square horizontal
settling chamber 8 m long and 50 cm high. The fog can be considered to consist of spherical
droplets of diameter 0.8 mm and density 1 g cm - 3. It is desired to remove 90 % of the fog
from the stream. Find the volumetric flow rate, in cubic meters per hour, which will allow
90% removal.

7.6. Settling chambers are commonly used in a sinter plant to remove large particles of quartz
and iron oxide from effluent gas streams. A settling chamber 3 m high and wide and 6 m
long is available. The volumetric flow rate of air through the chamber is 5000 m3 h-I. The
densities of quartz and iron oxide particles are 2.6 and 4.5, respectively. Compute and plot
efficiency curves for this unit at the given gas flow rate at 298 K for both types of particles
as a function of particle diameter over the diameter range 1 to 60 lIm.

7.7. Consider a settling chamber that is so weU mixed internally that at any instant aU uncol­
lected particles are uniformly mixed throughout the entire volume of the chamber. Show
that the coUection efficiency for such a device is given by

v,WL/Q
1J(Dp ) = 1 + v, WL/Q

7.8. Consider a cyclone flow having an inlet velocity of 10 m s-I, an angle of tum of 1511", and
inner and outer radii of 5.0 and 10.0 cm, respectively. Assume that the particles have
density Pp = 1.5 g cm-3. Plot the collection efficiency as a function of particle size over
the range 0.5 lIm ~ D p ~ 10 lIm for T = 323 K and W = 0.4 m.
(a) assuming laminar flow conditions.
(b) assuming turbulent flow conditions.
(c) using (7.42).

Discuss your results.
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7.9. Design a cyclone to remove 99% of particles of 20 Ilm diameter and density 1.5 g cm- 3

from a stream of 20 m3 s -I of air at 298 K and 1 atm. Determine suitable values for the
major dimensions of the unit. Plot the collection efficiency as a function of particle size
over the range I Ilm ~ Dp ~ 25 Ilm.

7.10. Determine the collection efficiency versus Dp curve over the range O.lllm ~ Dp S; 10 Ilm
for the following single-stage electrostatic precipitator:

Q=0.lm3 s- 1

PI' = 1.5 g cm- 3

r e = 0.25 m

ro = 0.002 m

f = 0.6

L = 30 m

T = 300 K

K = 4

Il = 1.8 X 10-4 g cm- 1 S-l

7.11. A cylindrical single-stage electrostatic precipitator for gas sampling is to provide 95 % ef­
ficiency for a flow rate of 0.01 m3

S-I for particles of 3 Ilm diameter, PI' = 1.5 g cm- 3
, K

= 4, and inlet concentrations of 5 x 104 Ilg m- 3. Use a velocity of 100 em s -I in a single
tube with ro = O.lre and f = 0.65. Determine the required length of the tube.

7.12. Consider a filter of packing density 0.04 consisting of fibers of diameter 7 Ilm in an air­
stream with an approach velocity of 0.55 m S-I at 298 K and 1 atm, containing particles
of Pp = 1.5 g em -3. Compute the collection efficiency of the fiber as a function of Dp from
0.05 to 1.0 Ilm from diffusion, interception, and impaction.

7.13. A filter bed of packing density 0.1 and fiber diameter 4 Ilm for use in removing radioactive
particles from a gas stream must provide an overall collection efficiency of at least 99.99 %
for particles of any size. Given a flow rate of air at 298 K, 1 atm of 10 m3 s -I, PI' = 1.2
gem -3, and filter width and height of 1.5 and 1.0 m, respectively, determine the necessary
depth of the filter.

7.14. Compute the collection efficiency of a cigarette filter which is a fiber layer of thickness I
em and void fraction 0.5. Assume that the smoke particles are a monodisperse aerosol of
diameter 0.2 Ilm and density 1 g em-3 and that the fiber filaments have a diameter of 50
Ilm. Smoke is inhaled at a velocity of 3 em s-I and at 298 K and 1 atm.

7.15. Determine the overall efficiency of a spray chamber as a function of particle size for par­
ticles of density 1.5 gem -3 over the range 0.1 Ilm ~ Dp S; 10 Ilm. The cylindrical chamber
has a diameter of 1 m, is 5 m high, and operates with air and water flow rates of 1 m3 s -0 I

and 0.01 m3 s- I, respectively. The air is at 298 K, 1 atm, and the water drop diameter is
I mm, for which the terminal velocity in still air is 4 m s- I .

7.16. Derive an expression for the overall efficiency of a settling chamber in which a horizontal
flow of gas is contacted by a vertical settling spray.

7.17. With increasingly stringent fuel economy standards, diesel engines appear to be attractive
alternative power plants for passenger vehicles. However, despite its superior fuel econ­
omy, a diesel engine presents a challenging emission control problem. As the engine is
operated in a manner to maintain low NO, emissions, particulate emissions exceed the
exhaust emission standard. Thus an additional scheme for controlling particulate emissions
is necessary. One such scheme that has received extensive study is the filtration of exhaust
particulate matter by a filter bed placed in the exhaust system. In this problem we consider
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T = 473 K

U", = 8 cm S-I

the design of a fibrous filter bed for this purpose (Oh et aI., 1981). (Disposal of the collected
particulate matter is a key problem, although we do not consider it here.) We will focus on

the initial perfonnance of the filter, that IS, on the period during which the deposition of
particles is not influenced by those already collected.

The following conditions can be assumed for the exhaust filtration problem:

ex = 0.05

Df = 10 /Lm

Pp = I gcm- 3

(a) Calculate the Stokes number for particles ranging in size from 0.02 to 1.0 /Lm in di­
ameter. Show that the Stokes number is sufficiently small that inertial impaction can
be neglected as a significant mechanism of collection.

(b) Plot the single fiber collection efficiency as a function of particle diameter over the
range 0.02 to 1.0 /Lm showing the individual contributions of diffusion and interception.
Assume the Kuwabara flow field to be applicable.

(c) For a given set of operating conditions there are four filter design parameters that can
be varied: filter face area, filter thickness, fiber size, and packing density. These design
parameters can be divided into two groups; the first two parameters are related to the
size and shape of the filter, and the last two refer to the properties of the filter medium.
Consider the operating conditions corresponding to an Oldsmobile 5.7-liter diesel en­
gine automobile being driven at 40 mph (64 km h-'):

Exhaust flow rate = 2832 I min -I (at 293 K, I atm)

Exhaust temperature = 473 K

Mass median particle diameter = 0.2 !Lm

Particle density = I g cm - 3

With filter thickness as the ordinate (in cm) and filter face area as the abscissa (in cm2
),

assuming that ex = 0.05 and Df = 10 !Lm, plot the curve of overall bed efficiency =
90% based on particle mass. (If we require at least 90% efficiency, all points above
this line are candidates for a filter design.)

(d) Now assuming a filter face area of 2500 cm2 and a thickness of 3.4 cm, with the
operating conditions above, plot the overall bed efficiency as a function of packing
density ex over the range 0 < ex < 0.1 for Df = 5, 10, 20, and 40 /Lm. Discuss your
results. (Note that an important design consideration that we have not included here is
the pressure drop across the filter bed. Just as it is desired to maintain the efficiency
higher than a certain level, it is sought to keep the pressure drop across the bed below
a certain level.)

7.18. In most real fibrous filtration problems there is not only a distribution of particles by size
to be filtered but also a distribution of sizes of the filter elements. In this problem we wish
to extend tHe treatment given in the text on the collection efficiency of a filter bed to include
distributions in size of both the particles and the cylindrical filter elements.
(a) Assuming that the particle volume distribution is log-nonnally distributed by particle

diameter
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where VI is the total particle volume concentration; and assuming that the fiber size
distribution is normally distributed, such that nf (Dp)dDp is the fraction of fibers having
diameters in the range [Dp, Dp + dDp],

nf(D
p

) = _1_ exp j(Df - Pl]
..n;af l 2af

derive an equation for the overall filter efficiency in terms of particle mass. (Since fibers
cannot have negative diameters, in using the normal distri~ution for nf one needs to
assume that the distribution is rather sharply peaked about Dr)

(b) Let us apply the result of part (a) to the filtration of diesel exhaust particles (Oh et al.,
1981). The .s!iesel exhaust particles are characterized by Pp = 1 g cm- 3, V, = 50,700
JLm.1 cm -3, Dpg = 0.17 JLm, and ag = 1.2.-4. The filter medium consists of medium-fine
grade commercial steel wool for which Df = 22.5 JLm and ar = 7.5 JLm. Assuming a
cylindrical bed with a face diameter of 20 cm, a depth of 5.1 cm, and a packing density
of 0.03, calculate the mass removal efficiency of the bed when operated at 473 K and
an exhaust flow rate of 300 I min -) (at 293 K, 1 atm).
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8

Removal of Gaseous

Pollutants from

Effluent Streams

There are a variety of approaches to removing gaseous pollutants from effluent streams:
absorption, adsorption, condensation, chemical reaction, incineration, and selective dif­
fusion through a membrane.

Absorption is an operation involving mass transfer of a soluble vapor component
to a solvent liquid in a device that promotes intimate contact between the gas and the
liquid. The driving force for absorption is the difference between the partial pressure of
the soluble gas in the gas mixture and its vapor pressure just above the surface of the
liquid. It is necessary to employ a liquid solvent within which the gas to be removed is
soluble. Water is, by itself, quite efficient for removing soluble acidic gases such as HCl
and HF and the soluble basic gas NH3 . Gases of more limited solubility, such as S02,
C12 , and H2S, can be absorbed readily in an alkaline solution such as dilute NaOH.
Thus, when water is used as the solvent, it may contain added species, such as acids,
alkalines, oxidants, or reducing agents to react with the gas being absorbed and enhance
its solubility. Nonaqueous, organic liquids of low volatility can be used for absorption
of gases with low water solubility, such as hydrocarbons. Examples of such solvents are
dimethylaniline and amines. Organic solvents are often limited to treating particle-free
gases to avoid sludge formation. To provide a large liquid surface area for mass transfer,
a means of breaking the liquid stream into small droplets or thin films is provided in the
gas absorber. The most commonly used devices are columns containing packing or reg­
ularly spaced plates, open spray chambers and towers, and combinations of sprayed and
packed chambers. Countercurrent contact of liquid and gas is employed to maximize the
driving forces.

Adsorption is employed to remove low concentration gases from exhaust streams
by causing the gaseous solutes to intimately contact a porous solid to which the solute

479
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will adhere. Gas adsorption is used industrially for odor control and for the removal of
volatile solvents such as benzene, ethanol, trichloroethylene, and so on, from effluent
streams.

Condensation can be used to remove species with relatively low vapor pressure
and is carried out in a device that appropriately cools the gas stream and provides a
means to remove the layer of condensed liquid. We will not consider condensation in
this book.

The fourth and fifth methods of removing gaseous species from an effluent stream
listed at the outset were chemical reaction and incineration. Although many of the sep­
aration processes involve chemical reaction, such as absorption of an acidic gas in an
alkaline solvent, the chemical reaction category refers to those where the key element
of the separation is the reaction itself. For example, even though S02 scrubbing by an
aqueous solution containing lime involves a chemical reaction, the absorption is the key
removal step. Incineration involves the combustion of the species and is an important
process for the treatment of toxic species, where virtually complete removal is necessary.
The waste gas is fed to a combustor where the unwanted species are burned at sufficiently
high temperature to convert them to harmless products such as CO2 and H20. Selection
of the combustion temperature is determined by the combustion chemistry of the partic­
ular substances to be removed.

The final separation method listed was selective diffusion through a membrane.
Membrane processes have found application in removing gases such as CO2 , H2S, and
H2 from natural gas streams (Cooley and Dethloff, 1985). Due to its specialized nature
and applications, we do not consider membrane diffusion here.

8.1 INTERFACIAL MASS TRANSFER

In the process of gas absorption the gaseous effluent stream containing the pollutant to
be removed is brought into contact with a liquid in which it will dissolve. The mecha­
nism by which the species is removed from the gas consists of three steps that occur in
series: (1) diffusion of the pollutant molecules through the gas to the surface of the
absorbing liquid, (2) dissolution into the liquid at the interface, and (3) diffusion of the
dissolved species from the interface into the bulk of the liquid. To predict the extent to
which a compound can be removed by gas absorption, we must be able to compute the
rates of these three mass transfer processes.

The key process of mass transfer of a dissolving species through a gas to a liquid
surface is that of diffusion of component A through a nondissolving background gas B.
Fick's law in this case, referred to as diffusion of A through stagnant B, NB, = 0, be­
comes

(8.1 )

where x is the mole fraction of A. Integrating (8.1), in accordance with the situation in
Figure 8.1(a), with NAz = constant, we obtain the flux of A as
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(8.2 )

We can rewrite (8.2) as

where (XB)lm, the log mean mole fraction of component B, is defined as

(1 -x)\ - (1 -x)o

(XB)lm = In [(1 - x)/(I - x)o]

(8.3 )

(8.4 )

(8.5)

Partial pressures may be used instead of mole fractions, in which case (8.3) becomes

-pDAB
NAz = RTl( ) (PAl - PAo)

PB 1m

where P is the total pressure.

Xo

c:
.2
+-
0

~-Q)

0
:2:

(1 - xo)

0

z = 0
(a)

X-+---~

_---t--y

Bulk liquid Liquid Interface Gas
film film

(b)

Bulk gas Figure 8.1 Binary mass transfer: (a) dif­
fusion of A through stagnant B; (b) the two­
film model of interfacial mass transfer.
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(8.7)

In gas absorption, the gas is in turbulent flow and the transport of species occurs
across a gas-liquid interface. Most situations of mass transfer in turbulent flow near an
interface are too complicated to allow an exact evaluation of profiles and fluxes. Thus
certain idealized models are postulated for the mass transfer in such a situation, models
that enable the solution for the flux of a species in terms of readily measurable empirical
coefficients.

Turbulent motion maintains a fairly unifoffi1 composition in the bulk gas. Close to
the surface of the liquid, a laminar boundary layer exists in the gas across which species
in the bulk gas must diffuse to reach the liquid surface. Similarly, on the liquid side, the
bulk liquid is at a uniform composition with a thin layer near the surface of the liquid
through which species diffuse from the interface into the bulk liquid. At steady state it
can be assumed that the flux of species A from the bulk gas to the interface equals the
flux of A from the interface to the bulk liquid. The simplest model one can envision for
this situation is two stagnant layers on either side of the interface, as shown in Figure
8.I(b). Based on the form of (8.5) we assume that the flux of A is given by

NAc = kc(PA - PA,) = kL kli - c 4) (8.6)

where PA and PA, are the partial pressures of A in the bulk gas and at the interface,
respectively; CA and CAi are the concentrations of A in the bulk liquid and at the interface,
respectively; and ke and kL are mass transfer coefficients for the gas and liquid films,
respectively. For the case considered earlier, we see that ke and kL are given by

pDABkG = -~--'-'-''---

, RTlc(PB)/m

and

(8.8 )

For dilute mixtures of A in B, (XB)/m =:: 1.0.
Thus the mass transfer coefficients should depend on the molecular diffusivity of

A in B and on the thickness of the film over which the diffusion takes place. Unfortu­
nately, in mass transfer between turbulent gas and liquid streams. it is virtually impos­
sible to specify Ie and IL and, in fact, even to specify the precise location of the interface
or the values of PAi and C4i at any time. Thus we usually write (8.6) as

NAc = Kc(PA - p1) = KL (c1 - cA) (8.9)

where p~ is the equilibrium partial pressure of A over a solution of A having the bulk

concentration CA, and c~ is the concentration of a solution that would be in equilibrium
with the partial pressure PA of the bulk gas stream. We illustrate these points on the
equilibrium diagram in Figure 8.2. The new coefficients KG and KL are called overall
mass transfer coefficients. These must be determined experimentally.

Originally, in (8.6), the driving forces for diffusion were based on the actual in­
terfacial compositions, PAi and CAi . Since we do not know these in general. we replaced
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Equilibrium
line

Figure 8.2 Driving forces in the two-film
model of interfacial mass transfer.
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(8.6) with (8.9), in which the new overall mass transfer coefficients Ke and KL were

defined. The new driving forces for diffusion, PA - P~ and c~ - CA are shown in Figure
8.2. The point B on the equilibrium curve represents the interfacial composition, which
we assume to be (PAi' CAi ). The line AB has a slope -kdke and is given by

PA - PAi kL

CAi - CA ke

When the equilibrium line is given by Henry's law,

(8.11)

we can explicitly relate ke and kL and Ke and KL through (8.6) and (8.9) by

1 1 HA-=-+­
Ke ke kL

(8.12 )

and

(8.13 )
1 1 1
-=-+-­
KL kL HAke

If HA « 1, species A is very soluble, Ke ::=: ke, and the overall process is controlled
by diffusion through the gas film. On the other hand, if HA » 1, species A is sparingly
soluble and overall rate of mass transfer is liquid-film controlled. Note that we have
drawn the equilibrium line in Figure 8.2 as curved, since H A is not usually constant [and
thus (8.12) and (8.13) are not generally valid].

It is also possible to express (8.6) in terms of mole fractions, in which case

NAc = k,(y - Yi) = k,(xi - x)

where Y and x refer to the gas and liquid phases, respectively.

(8.14 )
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8.2 ABSORPTION OF GASES BY L1aUIDS

Gas absorption is usually carried out in a column or tower, in which the gas to be cleaned
(the rich gas) enters at the bottom and flows countercurrent to the fresh liquid (the lean
liquid), which is introduced at the top. The column is often packed with inert solids
(e.g., ceramic beads) to promote better contact between the two streams. Such a tower
is shown diagrammatically in Figure 8.3. Separation is achieved because of the solubility
of the species in question in the liquid. In many pollution control applications the ab­
sorbing liquid is water, and the process is referred to as scrubbing.

8.2.1 Gas Absorption without Chemical Reaction

The conventional approach to the analysis and design of gas absorption towers is to
assume that the partial pressure of the dissolving gas just above the liquid surface is that
calculated from Henry's law neglecting the effect on the solubility of the gas of any
further chemical reactions in the liquid. Such an approach can be termed "gas absorption
without chemical reaction." The basic gas absorption design problem is the following.
Given:

1. A rich gas stream entering at a rate G (mol h- 1 m- 2 of empty tower) containing
a known mole fraction of component, A, Yo

2. A desired exit gas mole fraction YI

Figure 8.3 Countercurrent gas absorption
tower.

Liquid

::1:==7--- outlet
----- La, Xo

Gas
inlet

Go' Yo

Liquid
inlet

x" L 1

+
I

--'--
Gas L.J :

outlet -+- n hn
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3. A specified mole fraction of A in the inlet liquid, XI

4. The equilibrium curve of yversus x for the system

we wish to compute the height of the tower required to carry out the separation. *
We assume that the gas and liquid phases are immiscible. For example, S02 is

removed from air by absorption in a liquid amine of low vapor pressure. The low vapor
pressure of the amine ensures that virtually no amine evaporates into the gas phase, and
operation at atmospheric pressure ensures that no air dissolves in the amine. Thus, even
though S02 is transferred between phases, the assumption of immiscibility refers to the
fact that the two carrier streams, in this case air and amine, do not dissolve in each other
to an appreciable extent.

We note that although the molal gas flow rate G is usually specified, that for the
liquid phase is not. A little reflection will show that there is no maximum to the value
of the liquid flow rate L, but, indeed, there is a minimum value of L below which the
required A cannot be separated from the gas. Actually, the total gas and liquid flows are
not constant through the tower. The gas flow G consists of A + inert gas, and L consists
of A + inert liquid. By our assumption of immiscibility, the flow rates of inert gas and
inert liquid always remain constant down the tower. We denote these flow rates by G'
and L', respectively. Thus, when we want to select the liquid flow rate, we really want
to determine first the minimum L' and then add a comfortable operating margin to that
minimum.

In Figure 8.4, point (Xl> yd denotes the top of the tower and point (xo, Yo) the
bottom. The driving force for mass transfer is proportional to the line AB, as shown in
Figure 8.2. Point A must always lie above the equilibrium line; however, as A ap­
proaches B, the driving force for mass transfer approaches zero. When A actually co­
incides with B at any point in the tower, mass transfer ceases, because, of course, the

'One would nonnally also detennine the column diameter based on the liquid flow rate and desired
pressure drop characteristics. We do not consider this aspect of the design here; rather, we simply assume
that the column diameter is constant and known.

I
I
I ...

~Equillbrlum

I line
I
I
I
I
I
I
I
I
I
I
I

Figure 8.4 Equilibrium and operating lines
for a gas absorption tower.
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two phases are in equilibrium at that point. Clearly, if a point is reached in an actual
column where A and B coincide, no more mass transfer can take place past that point
regardless of the height of the column.

To determine the minimum value of L', we must perform a material balance on
species A for the absorption tower. A balance on species A over the whole tower gives

(8.15)

where (Go, Lo) and (G h L l ) represent the flows at the bottom and top of the column,
respectively. At any point in the tower, whre the flow rates are G and L, a balance
around the top of the column gives

Rearranging (8.16), we have

L 1
Y = OX + 0 (G,y, - L,x,)

(8.16 )

(8.17 )

On a plot of y versus X, (8.17) represents a line, not necessarily straight (unless Land
G are constant through the whole column), that relates the compositions of passing
streams at any point. Such a line is called an operating line. The two ends of the column
are represented by points (xo, Yo) and (x" YI)'

In order to draw the operating line, we need to know Land G at each point in the
column. In the case of gas absorption, in which only component A is transferred between
phases, we know that

G'
G=-­

1 - Y

L'
L=-­

1 - x
(8.18)

where G' and L' are constant. Thus (8.16) becomes

L,(_Xl __x )-G,(_YI __y)
1 - Xl 1 - X 1 - YI 1 - Y (8.19 )

If the mole fraction ofl in each phase is small, then, for all practical purposes, G =
G', L = L I, and the operating line is straight, with a slope of L' / G'.

We now consider the two operating lines shown in Figure 8.4, drawn for the case
in which L / G varies over the tower. The average slope of the operating line is L / G, so
that as L is decreased, the slope decreases. Point (x" y,) is fixed, so as L is decreased,
the upper end of the operating line, that is, xo, mo"~s closer to the equilibrium line. The
maximum possible value of Xo and the minimum p.ssible value of L' are reached when
the operating line just touches the equilibrium line, as shown in Figure 8.4. At this point,
an infinitely long column would be required to achieve the desired separation. We can

and the minimum value of L' / G' by setting Y = Yo and x = x6' in (8.19), where x 6' is
the abscissa of the point on the equilibrium line corresponding to Yo' Customarily, a
value of L' / G' about 1.5 times the minimum is employed. This choice is an economic
one. If L' / G' is large, the distance between the operating and equilibrium lines is large,
the driving force is large, and a short column is needed. On the other hand, a high liquid
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flow rate may be costly. Thus the optimum L' / G' results from a balance between capital
equipment costs and operating costs.

Assuming that L' has been specified, we wish to determine the required column
height. Let us consider a differential height of the column dz. If the interfacial area per
unit volume is G, a balance on component A in the gas phase over the height dz, using
(8.14), yields

which, upon division by dz, and letting dz ---> 0, gives

d(Gy)
~ = kyG(Y - Yi)

where Yi is a point on the equilibrium curve. Using (8.18), we see that

d(Gy) = G'd(-Y-) = G' dy 2 = G(~)
1 - Y (l - y) 1 - Y

Integrating (8.21) with the aid of (8.22) produces

(8.20 )

(8.21 )

(8.22)

(8.23 )

(8.24 )

~
ZT ~YO G dy

dz - - -,----,---=:.---
o - YI kyG (1 - y) (y - Yi)

To determine the total height Zr. we must evaluate the integral in (8.23). The
method of integration depends on the shape of the equilibrium line, the variation in G,
and the relative importance of the two mass transfer coefficients kxG and kyG.

From (8.14) we note that
Y - Yi kxG
Xi - X kyG

Thus, at any point, (8.24) describes a straight line with slope -kxG/kyG, passing through
(x, y) and (Xi, Yi)' From a knowledge of kxG/kyG we can determine Xi and Yi corre­
sponding to any (x, y) on the operating line. Then (8.23) can be integrated. It is common
to express (8.23) as

( G) [YO dy
ZT = kyG JY1 (l - y)(y - yd

(8.25 )

where (G/ kyG ) is the average value of this group over the column. (Since G decreases
from bottom to top, and kyG also decreases from bottom to top, these changes somewhat
compensate each other.) The functional dependence of kxG and kyG on the molal flow
rates must be determined experimentally.

In deriving an expression for ZT we could have considered a liquid-side balance,
in which case the equation corresponding to (8.25) is

(
L ) [X

O
dx

ZT= kxG L(l-x)(xi- x )

Either (8.25) or (8.26) is suitable for carrying out calculations.

(8.26 )
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The design method embodied in (8.25) and (8.26) is applicable to an equilibrium
line of arbitrary shape. A strongly curved equilibrium line is often due to a significant
temperature variation over the height of the tower. Appreciable temperature differences
result from the heat of solution of a highly concentrated solute in the rich gas. If the rich
gas contains a rather dilute concentration of solute, the temperature gradient in the col­
umn is small, and the equilibrium line is approximately straight. When the equilibrium
line is straight, overall mass transfer coefficients, which are easier to detennine experi­
mentally than kxa and kya can be used. The overall coefficients Kxa and K,a are defined
on the basis of the fictitious driving forces (x* - x) and (y - y*).

The design equations analogous to (8.25) and (8.26) are, in this case,

(G)rO

dy (8.27)ZT =
kya Yl (1 - y) (y - y*)

and

( L ) r dx (8.28)ZT =
Kxa Xl (1 -x)(x* -x)

which can be evaluated given the y* versus x* equilibrium line.
It has been customary in gas absorption design to express the equations for ZT, that

is, (8.25)-(8.28), as the product of a number of transfer units and the depth of packing
required by a single of these units (the height of a transfer unit). Then ZT is written

ZT = NH (8.29)

where N is the number of transfer units and H is the height of a transfer unit (HTU).
For example, using (8.25) and (8.27), we define

and

IYO
dy

Ny = JY1 (l - y) (y - Yi)
(8.30 )

(8.31)
IYO

dy
Noy = Jy\ (1 - y)(y - y*)

where Ny and Noy are based on the individual and overall driving forces, respectively.
Of course, Ny and Noy are different, and, in order to produce the same ZT in (8.29), they
are compensated for by the corresponding Hs. Thus

(8.32 )

and

(8.33 )
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Similar relations hold for the liquid-side equations. When the equilibrium line is straight,

and G and L are constant throughout the tower, HOy (and HOx ) are constant.
Clearly, the concept of an HTU merely represents a different manner of viewing

ZT' Its advantage is that the HTU is usually fairly constant for a particular type of tower
(usually, with a value in the range 0.1 to 1.5 m), and data are often reported in terms
of the HTU. Correlations for HTUs for packed absorption towers are presented by
McCabe and Smith (1976).

Example 8.1 Absorption of S02from Air by Water

A packed tower is to be designed for absorption of S02 from air by contact with fresh
water. The entering gas has a mole fraction of S02 of 0.10, and the exit gas must contain
a mole fraction of S02 no greater than 0.005. The water flow rate used is to be 1.5 times
the minimum, and the inlet airflow rate (on an S02-free basi~) is 500 kg m-2 h-I. The
column is to be operated at 1 atm and 303 K. We wish to determine the required depth of
the packed section for such a tower.

The following correlations are available for absorption of S02 at 303 K in towers
packed with I-in. rings (McCabe and Smith, 1976):

k,a = 0.6634[°82 kya = 0.09944[02SC07

where [ and C are the mass flow rates of liquid and gas, respectively, in kg m- 2 h-I, and
kxa and kya are in kg-mol m -3 h -1 mole fraction -I.

Equilibrium data for S02 in air and water at this temperature are available:

pso
2
(mmHg)

0.6
1.7
4.7
8. i

11.8
19.7
36.0
52.0
79.0

c(gS02/IOO g H20)

0.02
0.05
0.10
0.15
0.20
0.30
0.50
0.70
1.00

From these data we can calculate the equilibrium curve:

Pso,

Y = 760
e/64x = -----'----

e/64 + 100/18

The equilibrium curve is shown in Figure 8.5.
The first step in the solution is calculation of the minimum water flow rate. Using

(8.19) with Yo = 0.10, XI = 0, YI = 0.005, and X6 = 0.0027, we obtain L~'in = 667 kg­
mol m-2 h-I. Thus the actual water rate to be used is 667 x 1.5 = 1000 kg-mol m-2 h -1.

The equation for the operating line is

_x_ = 0.0172 _Y- - 0.000086
I-x l-y

This line is shown in Figure 8.5.
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The S02 enters at a rate of 122 kg m- 2 h -1 and leaves at a rate of 5.5 kg m -2 h-1.

The total exit gas rate is 505.5 kg m - 2 h -I. The freshwater feed at the top is 18,000 kg
m -2 h -1, and the rich liquor leaving at the bottom is 18,116.5 kg m -2 h-I.

The liquid-side mass transfer coefficient will not change appreciably from the top to
the bottom since L is nearly constant. We can calculate k,a from the average mass velocity
of 18,058 kg m- 2 h- I :

Because of the change of the total gas velocity from the top to the bottom, kya will change
somewhat over the tower. The values at the top and bottom are

(kya)o = 104.17

(kya) 1 = 89.48

We shall use the average value of 96.82.
Therefore, from any point (x, y) on the operating line, we can determine Xi' Yi by

drawing a straight line with slope -2052.6/96.82 = -21.2. The integral in (8.25) can be
evaluated graphically. Table 8.1 shows the calculation of the quantity 1/(l - y) ( Y - Yi)

and the graphical integration (8.25). The value of the integral in (8.25) is found to be 5.72.
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TABLE 8.1 EVALUATION OF INTEGRAND IN (8.25)

1
Y 1 - Y Yi Y - Yi (1 - y) (Y - Yi)

(1 ~ y)( Y - Yi)
!ll AIIH

0.005 0.995 0.0005 0.0045 0.0048 223
0.01 0.99 0.002 0.0080 0.00792 126.5 164 0.82
0.02 0.98 0.0075 0.0125 0.01225 81.7 102 1.02
0.03 0.97 0.014 0.0160 0.01552 64.5 72 0.72
0.04 0.96 0.0215 0.0185 0.01775 56.4 60 0.60
0.05 0.95 0.0285 0.0215 0.0204 49 52.5 0.525
0.06 0.94 0.036 0.0240 0.0226 44.2 46.5 0.465
0.07 0.93 0.044 0.0260 0.0242 41.4 42.8 0.428
0.08 0.92 0.0520 0.0280 0.0258 38.8 40 0.400
0.09 0.91 0.0605 0.0295 0.0268 37.3 38 0.380
0.10 0.90 0.0685 0.0315 0.0283 35.3 36 0.360

5.718

Finally, we evaluate the quantity kya /G at the two ends of the tower,

(
kya)
G 0 = 5.448

(
kva)G 1 = 5.202

and use the average value of 5.325 to calculate ZT as 1.08 m.

8.2.2 Gas Absorption with Chemical Reaction

The equilibrium vapor pressure of S02 over the liquid depends on the concentration of
dissolved S02' In the previous analysis the concentration of dissolved S02 is just equal
to that which has been absorbed into the liquid at that point in the column. However,
the equilibrium vapor pressure of the dissolved solute can be decreased almost to zero
by adding a reagent to the absorbing liquid that reacts with the dissolved solute, effec­
tively "pulling" more of the solute gas into solution. Some examples of the use of
chemically enhanced absorption are the removal of acid gases (such as S02) by alkaline
solutions (see Section 8.4), the removal of odorous gases in oxidizing solutions, and the
absorption of CO2 and H2S in amine solutions.

We wish to consider the same situation as in the preceding section, except that to
enhance the solubility of S02 in the water an alkaline reagent will be assumed to have
been added to the fresh liquid feed at the top of the column. It will be necessary to
account for the chemical state of the dissolved S02 in order to compute its equilibrium
vapor pressure and, therefore, the gas-phase driving force for absorption. Let

Go = total molar flow rate of entering gas, kg-mol m-2 h- 1

of empty tower
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Yo = mole fraction of S02 in the entering gas

YI =desired mole fraction of S02 in the exiting gas

Chap. 8

pHo = initial pH of water feed

W = volumetric flow rate of liquid fed to the top of the
column per unit cross-sectional area of the tower, m3

of liquid m- 2 of column h- 1

In the design we need to derive equations for the compositions of the gas and liquid
phases as a function of position in the unit . We let the position in the chamber be denoted
by z, where z is the distance measured from the top of the unit, and ZT is the total height
of the chamber (to be determined). We derive these equations by considering balances
on S02 both over a slice of differential depth and over the unit as a whole.

The total molar flow rate of gas introduced at the bottom of the unit is Go (kg-mol
m- 2 h- I ), which consists of mole fractions Yo of S02 and 0 - Yo) of air. Thus, the
molar flow rate of air in the unit is (1 - Yo) Go. If the mole fraction of S02 at any depth
in the chamber is y, the total molar flow rate of gas per unit cross-sectional area at that
point is G = (I - Yo) Go/O - y).

We now perform a balance on gas-phase S02 over a section of depth dz. At steady
state:

flow in with gas at z + dz = flow out with gas at z + amount transferred to water

(8.34 )
The first two terms of the balance are:

flow in with gas at z + dz = (1 - Yo) Go~ I
- Y z+dz

flow out with gas at z = (1 - Yo) Go 1 ~ y I
z

where we see that these two terms are each just yG, the molar flow rate of S02 in the
gas.

Thus, the balance on gas-phase S02 becomes

(l-YO)GO- Y_! -(l-Yo)Go -
y _! =kya(y-y;)dz (8.35)

l-Yz+dz l-yz

Dividing by dz and taking the limit as dz -+ 0 gives us

kya(y - y;)

Go(1 - Yo)
(8.36)

which is to be solved subject to

(8.37)
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All the quantities in (8.36) are known except Yi, the S02 mole fraction just above
the liquid surface. To determine Yi we must consider the behavior of the liquid phase as

a function of position in the chamber. Note that Yi = P~o'/p, where Pso, is the partial
pressure of S02 just above the liquid surface.

The absorption of S02 by water leads to the equilibria given in Table 8.2. The
concentrations of the dissolved sulfur species in the liquid, in units of kg-mol m-3, given
P~o" are found from the equilibrium constant expressions in Table 8.2 to be

[S02 . H2O] = KhsP~02 (8.38 )

[HS03] KhsKdP~02 (8.39 )
[H+]

[SO~- ] KhsKs1 Ks2P~02 (8.40 )
[H+ ]2

As we noted, to enhance the solubility of S02 in the water it is customary to raise
the pH of the feed drops over that for pure water through the addition of an alkaline
substance. Thus let us presume that an amount of nonvolatile salt MOH that dissociates
in solution into M + and OH - has been added to the feed water such that the initial pH
is pHD. Electroneutrality must always be maintained locally in the liquid, so the concen­
tration of the ion M+ is found from the specified initial pH,

(8.41 )

and since MOH is assumed to be nonvolatile,

(8.42 )

TABLE 8.2 EQUILIBRIUM CONSTANTS FOR AQUEOUS ABSORPTION OF S02

Reaction

SO, . H,O +=± H+ + HSOj

HSO, +=± W + SO~-

Equilibrium constant
expression

[SO, . H20] -1
Kh , = M atm

PSO,

K - [W][ HS03] M
<I - [SO, . H

2
0]

K _[H+][SO~-]
,2 - [HS03] M

Equilibrium
constant a. b

1376.1
log Kh ,· = -T- - 4.521

853
log Kol = T - 4.74

621.9
log K'2 = -T- - 9.278

4470.99
log K w = -T- + 6.0875 - 0.01706 T

"Values of K h" K, " and K" from Maahs (1982).
/>Value of Kw from Harned and Owen (1958, pp. 643-646).
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Electroneutrality at any time is expressed as

which can be written in terms of [H +] as

(8.43 )

(8.44 )

or

[H+]3 + [M+] [H+]2 - (Kw + KhsKsIP~02) [H+] - 2KhsK'IK<2p~02 = 0 (8.45)

The local hydrogen ion concentration in the liquid is related to the S02 partial
pressure just above the drop surface by (8.42) and (8.45). Since there are two unknowns,
[H +] and P~02' we need to obtain another equation relating these two quantities. At the
top of the tower [H +] = [H +] 0; however, as soon as the falling liquid encounters S02,
absorption takes place and the hydrogen ion concentration begins to change. To calculate
how [H +] changes with z, we perform an overall material balance on S02 between the
bottom of the tower (z = ZT) and any level z. That overall balance takes the form:

flow in with gas at ZT + flow in with water at z

= flow out with water at ZT + flow out with gas at z

Two of the terms in this balance are:

flow in with gas at ZT = Go Yo

. (l - Yo) GoYflow out wIth gas at z = ~_..::....::-~~

1 - y

The quantity of S02 flowing out with the water at z = ZT is just the difference between
that fed to the unit in the gas and that allowed to leave with the cleaned gas:

. (1 - Yo) GoYI
flow out wlth water at ZT = Go Yo - ~--'---'-'--'-'­

1 - YI

The final term in the material balance is the quantity of S02 flowing with the liquid
across the plane at z. This flow is given by

W([S02 . H20] + [HS03] + [SO~-])

We can use the equilibrium relations to express this quantity as

s ( Ks1 K,j K<2)
WKh,PS02 I + -[+] + --2. H [H+]

Collecting temlS in the entire balance, we have
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WK!I'PSO., (1 + [K,+-,] + K" K,°2")
H [H+]

(
Y YI)= (1 - Yo) Go -- - ---

I Y 1 - YI

Now, to place this equation in a more compact fonn, let

(8.47)

K", [t]
A = -[+] - H 0

H 0

(I - Yo) GoD = :c.-._,,-=-."

W
VI

£ --'--
I - YI

and (8.47) can be written as

s DYJ2 (Y )Pso, = 2 -- - £
. Kils YJ + BYJ + C I - Y

Also, (8.45) becomes

(8.48 )

(8.49 )
\ YJ3 + AYJ2 - KwYJ

Pso, = BYJ + 2C

Equating (8.48) and (8.49) yields a single nonlinear algebraic equation relating [HI]
( i.e., YJ) and Y,

where

y=
f (YJ)

I +f(YJ)
(8.50 )

where

Now return to (8.36). Using (8.49) and (8.50), (8.36) becomes

dYJ
m2 (YJ) dz = m I ( YJ )

kya I f(YJ) YJ3 + AYJ2 - K",YJ 1
ml(YJ) = Go(1 - Yo) II + f(YJ) - p(BYJ + 2C) _

m2 ( YJ) = df ( YJ )
dYJ

(8.51 )

(8.52 )
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Integrating (8.52) over the tower gives

r~T m2(1)) d
J~o m\(1)) 1) =

rZT

Jo dz = ZT (8.53 )

The upper limit of the integral in (8.53), 1)n is the solution of (8.50) at Y(ZT) = Yo, that
is,

f (1)T)
Yo = 1 + f(1)T)

(8.54 )

To determine the tower height ZT for a given set of operating conditions, we must first
solve (8.54) for 1)T, then evaluate the integral in (8.53) to find ZT'

Example 8.2 Absorption of S02 with Chemical Reaction

Let us calculate the tower height ZT as a function of the water feed rate for gas molar flow
rates ranging from 0.006 to 0.015 kg-mol m-2

S-I. Let Yo = 0.2, YI = 0.01, and pHo =
11. Consider water volumetric flow rates from 20 to 30 m3 m-2 h- I

. We use the correlation
for kya from Example 8.1.

Figure 8.6 shows ZT as a function of W for Go values ranging from 0.006 to 0.015
kg-mol m- 2 s-\. We see that at each gas flow rate, there is a liquid flow rate below which
the specified separation cannot be achieved. As Go increases, the value of this liquid flow
rate also increases. Figure 8.7 shows ZT as a function of pRo and Go. For all gas flow rates,
there is a pHo value below which the required length does not change (e.g., pHo 11 at Go
= 0.009 kg-mol m-2

S-I, since the capacity of the water is saturated). Very high values
of pHo promote more absorption and decrease the required scrubber length.

0.012

E
l­

N

Figure 8.6 Scrubber height as a function of water flow rate at several gas flow rates.
Conditions are: T = 303 K, P = 1 atm, pHo = 11, Yo = 0.2, y, = 0.01, kya =
0.09944L 025 C07 .
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E

l­
N

Initial pH value, pHo

Figure 8.7 Scrubber height as a function of pHo at several gas flow rates. W = 40 m'
m- 2 h '.

8.3 ADSORPTION OF GASES ON SOLIDS

Adsorption involves the use of a solid substrate to remove the contaminant. The inter­
molecular attractive forces in the bulk of a solid are, at its surface, available for holding
other materials, such as gases and liquid. In adsorption, the thermal motion of a gas
molecule is converted to heat as the molecule becomes bound to the surface. Adsorption
is, therefore, an exothermic process. Conversely, regeneration of the adsorbent (or sor­
bent) by desorption of the adsorbed gas (the adsorbate or sorbate) is endothermic and
energy must be supplied. Some adsorption processes occur so strongly that the adsorbed
material can only be desorbed by removal of some of the solid substrate. In such a case,
chemical bonds form between the adsorbent and the adsorbed species, and the adsorption
process is referred to as chemisorption. For example, oxygen chemisorbed on activated
carbon can only be removed as CO or CO2 , Adsorption is particularly well suited to
treating large volumes of gases with very dilute pollutant levels and to removing con­
taminants down to trace levels. The solids best suited for use as adsorbents are those
with large surface/volume ratios, that is, very porous. Polar adsorbents such as activated
aluminas, silica gels, and molecular sieves have high selectivity for polar gases. Such
adsorbents also effectively remove water, a polar molecule, and thus in the presence of
moisture can become ineffective due to the relatively large amount of water that is ad­
sorbed. Activated carbon is a second class of adsorbent that is commonly used. Since
activated carbon is composed largely of neutral atoms of a single species, there are no
significant potential gradients to attract and orient polar molecules in preference to non­
polar molecules. Activated carbon tends to adsorb all gases roughly in proportion to
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their concentrations. Adsorption is usually carried out in a bed packed with a granular
adsorbent sized to produce as little resistance to a flow as possible.

Potential adsorbents can be classified into three groups:

1. Nonpolar solids, where the adsorption is mainly physical

2. Polar solids, where the adsorption is chemical and no change in the chemical struc­
ture of the molecules or the surface occurs

3. Chemical adsorbing surfaces, which adsorb the molecules and then release them
after reaction, which may be either catalytic, leaving the surface unchanged, or
noncatalytic, requiring replacement of the surface atoms

The most important nonpolar adsorbing solid is carbon, which is very effective in bind­
ing nonpolar molecules, such as hydrocarbons. Activated carbon (charcoal, if the source
is wood) is made by the decomposition of coals and woods. Activated carbon is used
for the removal of hydrocarbons, odors, and trace impurities from gas streams.

The polar adsorbents generally used are oxides, either of silicon or other metals
(e.g., aluminum). These materials adsorb both polar and nonpolar molecules, but they
exhibit preference for polar molecules. Thus silicon and aluminum oxides are used to
adsorb polar molecules such as water, ammonia, hydrogen sulfide, and sulfur dioxide.

The equilibrium characteristics of a solid-gas system are described by a curve of
the concentration of adsorbed gas on the solid as a function of the equilibrium partial
pressure of the gas at constant temperature. Such a curve is called an adsorption iso­
therm. In the case in which only one component of a binary gas mixture is adsorbed,
the adsorption of that species is relatively uninfluenced by the presence of the other gas,
and the adsorption isotherm for the pure vapor is applicable as long as the equilibrium
pressure is taken as the partial pressure of the adsorbing gas.

Separation of one component from a gaseous mixture by adsorption on a solid may
be carried out in a batchwise or continuous manner of operation. Continuous operation
can, in tum, be employed in a series of distinct stages or in continuous contact, such as
in gas absorption. When one component is being adsorbed, the design of the operation
is, from the point of view of the calculational procedure, analogous to gas absorption,
in that only one component is transferred between two essentially immiscible phases. A
rather thorough treatment of gas adsorption operations is given by Treybal (1968). We
consider here only the process of adsorption of a species as the gas is passed through a
stationary (fixed) bed of adsorbent.

The key difference between gas absorption with two continuous countercurrent
streams and gas adsorption in a fixed bed is that the former is a steady-state process,
whereas the latter, due to the accumulation of adsorbed gas on the solid, is an unsteady­
state process.

We will consider a mixture of two gases, one strongly adsorbed, which is to be
passed through a bed initially free of adsorbent. When the mixture first enters the fresh
bed, the solid at the entrance to the bed at first adsorbs the gas almost completely. Thus,
initially the gas leaving the bed is almost completely free of the solute gas. As the layers
of solid near the entrance to the bed become saturated with adsorbed gas, the zone of
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solid in which the major portion of the adsorption takes place moves slowly through the
bed, at a rate generally much slower than the actual gas velocity through the bed. Fi-

nally, the so-called adsorption zone reaches the end of the bed. At this point, the exit
concentration of solute gas rises sharply and approaches its inlet concentration, since,
for all practical purposes, the bed is saturated and at equilibrium with the inlet gas. The
curve of effluent concentration as a function of time thus has an S-shaped appearance
that may be steep or relatively flat, depending on the rate of adsorption, the nature of
the adsorption equilibrium, the fluid velocity, the inlet concentration, and the length of
the bed. The time at which the breakthrough curve first begins to rise appreciably is
called the breakpoint. The passage of an adsorption wave through a stationary bed during
an adsorption cycle is depicted in Figure 8.8.

When a bed reaches saturation, the adsorbed material must be removed from the
solid. Desorption of an adsorbed solute by passing a solvent through the bed is called
elution. The process of gas chromatography is based on the elution of a bed that contains
small quantities of several adsorbed gases. As a suitable eluent is passed through such
a bed, the adsorbed solutes are desorbed at different rates and pass out of the bed at
different times, enabling their identification by comparison with eluent curves previously
established for known species.

The design of a fixed-bed adsorption column would normally require that one pre­
dict the breakthrough curve, and thus the length of the adsorption cycle between elutions
of the bed, given a bed of certain length and equilibrium data. Alternatively, one could
seek the bed depth required for operation over a specified period of time to achieve a
desired degree of separation. Because of the different types of equilibrium relationships
that can be encountered and the unsteady nature of the process, prediction of the solute
breakthrough curve is, in general, quite difficult. We present here a design method ap­
plicable only when the solute concentration in the feed is small, the adsorption isotherm

t
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Figure 8.8 Passage of an adsorption wave through a stationary bed during an adsorp­
tion cycle.
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is concave to the gas-phase concentration axis, the adsorption zone is constant in height
as it travels through the column, and the length of the column is large compared with
the height of the adsorption zone (Treybal, 1968).

Let us consider the idealized breakthrough curve shown in Figure 8.9 resulting
from flow of an inert gas through a bed with a rate (;1 kg m -2 h-I containing an inlet
solute concentration of Yo kg solute/kg inert gas. The total amount of solute-free gas
that has passed through the bed up to any time is W kg m-2 of bed cross section. Values
YB and YE, shown in Figure 8.9, mark the breakpoint and equilibrium concentrations,
respectively; WB and WE denote the values of W at YB and YE , respectively. The adsorption
zone, taken to be of constant height Za, is that part of the bed in which the concentration
profile from YB to YE exists at any time.

If 0a and 0E are the times required for the adsorption zone to move its own length
and down the entire bed, respectively, then

W a (8.55)(Ja = (;1

and

WE
(8.56 )

(JE = G'

If OF is the time required for the adsorption zone to form, and if Z is the length of the
bed,

(8.57)

Breakpoint

Y8 t:==============2f=----+---­
o

II
>-

Yo
~ YE~==========f~~~~~~--
0> Exhaustion
~ of bed

<>­
I

2
:::>

o
(/)

0>
-'"-....
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:::>

o
(/)

0>
-'"

Accumulated solute -free effluent, kg/m2 of bed area

Figure 8.9 Typical breakthrough curve for adsorption of a gas on a solid.
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The solute removed from the gas in the adsorption zone is U kg m-2 of bed cross
section; U is shown in Figure 8.9 by the shaded area, which is

~
WE

U = (Yo - Y) dw
WB

(8.58 )

If all the adsorbent in the zone were saturated, the solid would contain YOwa kg solute
m- 2

• Thus the fractional capacity of the adsorbent in the zone to continue adsorbing
solute is f = U/ YOwa • The shape of the breakthrough curve is thus characterized by f.
Iff = 0, the time of formation OF of the zone should be the same as the time required
for the zone to travel its own thickness, 0a' since the breakthrough curve will be a vertical
line. Iff = I, the time to establish the zone should be zero. To satisfy these two limiting
cases, one sets OF = (1 - f) ea' Thus (8.57) becomes

0a Wa
Za = ZOE - (1 - f)°a = Z WE - (1 - f) Wa

(8.59 )

If the column contains zAcPs kg of adsorbent, where Ac is the cross-sectional area of the
bed and Ps is the solid density in the bed, at complete saturation the bed would contain
zAcPsXT kg of solute, where XT is the solute concentration on the solid in equilibrium
with the feed. At the breakpoint, Z - Za of the bed is saturated, and Za of the bed is
saturated to the extent of 1 - f. The degree of overall bed saturation at the breakpoint
is thus

Z - fZa

Z
(8.60)

The determination of the breakthrough curve can be carried out in the following
way. Let us consider the adsorption column in Figure 8.10, where the adsorption zone
Za is in the column, and the solute composition in the gas is Yo and 0 at the entrance and

Figure 8.10 Fixed-bed adsorber with ad­
sorption zone of depth Zw

e/kg inert gas

f solute -free gas

G

1'!J = kg solut
G' = kg/m 2 0

0
o 0

+
dz za

r
0

00

~ ~,= 0
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exit, respectively. Corresponding to these gas-phase compositions, we assume that those
on the solid are XT (saturation at the entrance to the column) and 0 (no adsorbed solute
at the exit). If the column is considered to be infinitely long, the situation depicted in
Figure 8.10 is applicable. This point will not really concern us since our only real interest
is in the adsorption zone ZQ' The operating line, which relates Yand X at any point in
the column, is then a straight line connecting the origin with the point (Yo, XT ) on the
equilibrium curve.

Over a differential depth dz in Za the rate of adsorption is

d' dY = Kya(Y - y*) dz (8.61)

where Kya is the overall mass transfer coefficient for transfer from gas to solid phase.
Thus, over the adsorption zone,

d' ~YE dY
Z - - (8.62)

a - Kya YB Y - y*

and for any value of z less than Zm but within the zone,

Z

[y dY/(Y - y*)
LB

i
YE

dY/( Y - y*)
YB

(8.63 )

The breakthrough curve can be plotted directly from (8.63).
Table 8.3 lists the various types of adsorption equipment, together with brief com­

ments on their operation and use.

Example 8.3 Adsorption of Benzene from Air

Benzene vapor present to the extent of 0.025 kg benzene /kg air (benzene-free basis) is to
be removed by passing the gas mixture downward through a bed of silica gel at 298 K and
2 atm pressure at a linear velocity of 1 m s-I (based on the total cross-sectional area). It is
desired to operate for 90 min. The breakpoint will be considered as that time when the
effluent air has a benzene content of 0.0025 kg benzene /kg air, and the bed will be con­
sidered exhausted when the effluent air contains 0.020 kg benzene /kg air. Detennine the
depth of bed required.

Silica gel has a bulk density of 625 kg m-3 and an average particle diameter Dp of
0.60 em. For this temperature, pressure, and concentration range, the adsorption isothenn
is

y* = 0.167X15

where y* = kg benzene/kg air (benzene-free basis) and X = kg benzene/kg gel. We
assume that the height of a gas-phase transfer unit is given by

(
D (;')0.51

Hoy = 0.00237 -p-.

J.,twr

The cross-sectional area of the bed is 1 m2
•
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TABLE 8.3 TYPES OF ADSORPTION EQUIPMENT

Type Operation and use

Disposable and
rechargeable
canisters

Fixed regenerable beds

Shallow beds
Deep beds

Traveling bed

Fluid bed

Chromatographic
baghouse

Small flow; effluent with low sorbate concentration.

When volume of flow or sorbate concentration is high enough to make
recovery attractive, or when cost of fresh sorbent is expensive.

Large gas volumes of low pollutant concentration.
When pollutant concentrations exceed 100 ppm or flow exceeds 4.7 m' s . I.

typically, 0.3-1 m thick.
Freshly regenerated adsorbent is added continuously to the top of the bed at

a rate to maintain a constant solid depth. Saturated sorbent is continuously
removed from the bottom of the bed and regenerated before return to the
top. Gas to be treated enters the bottom and passes countercurrent to the
slowly moving sorbent. Used for high concentrations of sorbates requiring
high sorbent to gas ratio.

Particles continuously removed and regenerated to maintain bed particles
relatively unsaturated. Use for adsorption or organics from a moist stream
where continuous carbon regeneration is needed.

Granular absorbent introduced continuously into the gas stream which conveys
the particles through a line of sufficient length to provide appreciable
contact. Sorbent removed in a baghouse.

First, we can compute HOY' The density of air at 298 K and 2 atm is 2.38 kg m- 3
,

and so G' = 2.38 kg m- 2
S-I. The viscosity of air at 298 K is 1.8 X 10-5 kg m- I S-I.

Thus Hoy = 0.071 m.
The adsorption isotherm is shown in Figure 8.11. The operating line has been drawn

to intersect the equilibrium curve at Yo = 0.025. From the problem specifications, YB =
0.0025 and YE = 0.020. From Figure 8.11 we see that XT = 0.284.

The integral in (8.62) can be evaluated numerically (see Table 8.4) as 5.925. Thus

Operating
line

0.015

0.010
Y 1--------,>1'

II 0.005
>- YB

Yo = 0.025 1---------------1'

'-

o YE = 0.020 1---------------/
Ol

"""­
Q)
c::
Q)

N
c::
Q)

-'"

o 0.05 0.10 0.15 0.20 0.25 0.30

x = kg benzene/kg silica gel
Figure 8.11 Equilibrium and operating
lines for adsorption of benzene on silica gel.



504 Removal of Gaseous Pollutants from Effluent Streams Chap. 8

TABLE 8.4 NUMERICAL EVALUATION OF INTEGRAL IN (8.62\

Y
~Yf dY W - 1-V8 Y

Y* Y - Y*
Y - y* Y8 Y - y* l1-'ll Yo

0.0025 0.0009 0.0016 625 0 0.01
0.0050 0.0022 0.0028 358 1.1375 0.192 0.2
0.0075 0.0042 0.0033 304 1.9000 0.321 0.3
0.0100 0.0063 0.0037 270 2.6125 0.441 0.4
0.0125 0.0089 0.0036 278 3.3000 0.556 0.5
0.0150 0.0116 0.0034 294 4.0125 0.676 0.6
0.0175 0.0148 0.0027 370 4.8375 0.815 0.7
0.0200 0.0180 0.0020 500 5.9250 1.00 0.8

o 0.2 0.4 0.6 0.8 1.0

Figure 8.12 Breakthrough curve for ad·
sorption of benzene on silica gel.

the height of the adsorption zone z" is 0.071 x 5.925 = 0.42 m. The extent of saturation,

[WE (Yo _ Y) dw
JWB

j=-----
Yow" ~

1 ( Y) w - Wl--d---B

o Yo w"

is found to be 0.55. This quantity is shown in Figure 8.12.
Let us suppose the height of the bed is z meters. The degree of saturation of the bed

at the breakpoint is ex = (z - 0.231) / z. The bed area is 1 m2
; the apparent density of the

packing is 625 kg m- 3; thus the mass of the bed is 625 z kg. The mass of benzene adsorbed
on the gel is then

z - 0.231
625z 0.284 = 177(z - 0.231)

z
The mass of benzene that must be removed from the air over a 90·min period is 322 kg.
Equating this mass removed with that on the packing at the breakpoint,

177(z - 0.231) = 322

we obtain the required bed depth of 2.04 m.
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8.4 REMOVAL OF S02 FROM EFFLUENT STREAMS

As noted in Chapter I, S02 is emitted from coal-fired power plants (about two-thirds of
U.S. emissions), from industrial fuel combustion, sulfuric acid manufacturing, and
smelting of nonferrous metals. The two basic approaches to S02 emission control are
(1) to remove the sulfur from the fuel before it is burned, or (2) to remove S02 from the
exhaust gases. There has been a significant amount of effort expended in the United
States and worldwide on the development of processes in both categories. We will con­
centrate here on methods for the removal of S02 from exhaust gases.

The technical and economic feasibility of an S02 removal process depends on the
type and quantity of effluent gases that must be cleaned. With regard to S02 removal,
there are essentially two types of effluent gas treatment problems. The first is the problem
of removing S02 from power plant flue gases. Power plant flue gases generally contain
low concentrations of S02 ( < 0.5 % by volume), but emitted at tremendous volumetric
flow rates. For example, a coal-fired power plant burning 2% sulfur coal (by weight)
will produce 40,000 kg of S02 for every 106 kg of coal burned. The second class of S02
effluent gas treatment problems comprises those resulting from the need to remove S02
from streams containing relatively high concentrations of S02 at low flow rates. Streams
of this type are typical of those emitted from smelter operations. A smelter emission gas
typically contains S02 at a concentration of about 10% by volume (100,000 ppm).

In this section we concentrate largely on the problem of S02 removal from power
plant flue gases, so-called flue gas desulfurization (FGD), since it represents a more
prevalent and, in many respects, the more difficult problem than that of S02 removal
from smelting and other industrial operations. Elliot et al. (1982) have reviewed a num­
ber of processes for the cleaning of smelter gases, and we refer the reader to this source
for those applications.

There are two ways of classifying flue gas desulfurization systems. The first is
based on what is done with the S02-absorbing or SOrreacting medium, and by this
means processes are categorized as throwaway or regenerative. In a throwaway process,
the sulfur removed, together with the absorbing or reacting medium, is discarded. A
process is regenerative if the sulfur is recovered in a usable form and the medium is
reused. The second way of classifying FGD processes is by the phase in which the main
removal reactions occur. By this means processes are categorized as wet or dry. Both
wet and dry processes can be throwaway or regenerative, so there are, in effect, four
categories of FGD processes.

In the majority of the throwaway processes an alkaline agent reacts with the S02'
leading to a product that is discarded. Commonly used agents in this type of process are
limestone (CaC03 ) and lime (CaO). In another type of throwaway process the agent is
injected directly into the furnace, and the sulfated product is subsequently scrubbed out
of the flue gas with water. Part of the S02 is captured chemically within the furnace,
the rest in the scrubbing step.

In the regenerative alkaline processes, an alkaline agent strips S02 from the flue
gas stream, combining chemically with the S02' In a separate regeneration step, the
agent is reconstituted and sulfur is recovered, usually as liquid S02 or sulfuric acid.
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Some of the agents used include MgO, NaZS03, and metal carbonates. Regenerative
solid adsorption comprises several activated char processes, in which SOz is adsorbed
on char and desorbed to lead to the production of sulfuric acid.

8.4.1 Throwaway Processes: Lime and Limestone Scrubbing

The most prevalent throwaway processes involve lime and limestone. Approximately
75 % of all installed flue gas desulfurization systems use a lime or limestone slurry as
the scrubbing liquor (Joseph and Beachler, 1981; Beachler and Joseph, 1984). In this
process SOz reacts with the lime or limestone slurry to form a CaS03 / CaS04 sludge
that must be disposed of in a pond or landfill. Most wet scrubbing flue gas desulfurization
systems are capable of reducing SOz emissions by 90 %. In dry scrubbing an alkaline
slurry is injected in a spray dryer with dry particle collection. Spray dryers are units
where hot flue gases are contacted with a fine, wet, alkaline spray, which absorbs the
SOz. The high temperature of the flue gas (393 to 573 K) evaporates the water from the
alkaline spray, leaving a dry product that can be collected in a baghouse or electrostatic
precipitator. Dry scrubbing can remove 75 to 90% of SOz emissions.

In conventional limestone or lime scrubbing, a limestone/water or lime/water slurry
is contacted with the flue gas in a spray tower. The essence of the process lies in the
absorption equilibrium of SOz in water as given in Table 8.2:

SOZ(g) + HzO < »" SOz . HzO

SOz . HzO < »" H + + HS03

HS03 < »" H+ + soj-

Limestone consists of a mixture of CaC03 and inert siliceous compounds. Al­
though limestone is very plentiful, it has been estimated that only about 2% of the de­
posits are of "chemical grade," that is, containing 95 % or more CaC03. Calcium car­
bonate is relatively insoluble in water (0.00153 g per 100 g of HzO at 273 K), and its
solubility increases only slightly with increasing temperature. Although its low solubility
is one of its main drawbacks for use in wet scrubbing, it can be finely pulverized to
produce a limestone/water slurry.

Lime (CaO, calcium oxide) can be obtained by heating (calcining) CaC03at about
1100 K:

CaC03 -- CaO + COz

When added to water, lime produces calcium hydroxide (slaked lime):

CaO + HzO -- Ca(OH)z

which dissociates according to
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While still relatively insoluble (0.185 g per 100 g of HzO at 273 K), Ca(OHh is con­

siderably more soluble than CaC03, The solubility of Ca(OH)z decreases as the tem­
perature increases (0.078 g per 100 g of HzO at 373 K).

A chemical mechanism that is consistent with the overall stoichiometry of lime­
stone scrubbing is

SOZ(g) + HzO :E ~ SOz . HzO

sOz . HzO II{ ]I H+ + HSO;

H+ + CaC03 II( )I Caz+ + HCO;

Caz+ + HSO; + 2HzO IE )II CaS03 . 2HzO + H +

H+ + HCO; I( ]I cOz ' HzO

cOz . HzO 0( ~ COZ(g) + HzO

The overall reaction corresponding to this mechanism is

CaC03 + SOz + 2HzO - CaS03 . 2HzO + COZ
calcium sulfite dihydrate

Two routes have been proposed for the mechanism of lime scrubbing. The first
simply involves the conversion of the CaO to CaC03 by reacting with COz in the flue
gas,

CaO + COz - CaC03

in which case the mechanism for limestone above would also apply for lime. The second
route involves the chemistry of lime itself:

SOZ(g) + HzO I( ): SOz . HzO

SOz . HzO .. ]I H+ + HSO;

CaO + HzO ... ]I Ca(OH)z

Ca(OHh III( )i Caz+ + 20H-

Ca2+ + HSO; + 2HzO - CaS03 . 2HzO + H+

H+ + OH- 0( ~ HzO

The overall reaction corresponding to this mechanism is

CaO + SOz + 2HzO - CaS03 . 2HzO

Lime is more reactive toward SOz than is limestone, although both are highly
favorable reactants. In spite of the fact that lime scrubbing can achieve higher SOz re­
moval efficiencies than limestone scrubbing, lime is more expensive and hence is not as
widely in use as limestone. The critical step in both mechanisms is the formation of the
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calcium ion, which reacts with the bisulfite ion to remove S02 from the solution. We
note that in the limestone system the formation of Ca2+ depends on the H+ concentra­
tion, whereas in the lime system the Ca2+ formation step is independent of pH. Thus,
in order to drive the H+ -CaC03reaction to the right, the limestone system must operate
at a fairly high H+ concentration (low pH). The optimal operating pH for limestone
scrubbing is between 5.8 and 6.2, whereas that for lime scrubbing is about 8.0.

There is an additional problem related to the setting of the pH in lime and limestone
scrubbing-the formation of calcium sulfate. Although the reaction was not used in either
of the chemical mechanisms above, we know that the bisulfite ion is in equilibrium with
the sulfite ion:

HS03 .. ~ SO~- + H+

(Although it was not necessary to consider this reaction to explain the mechanism of
S02 removal, for lime scrubbing this reaction should be added due to the high pH em­
ployed.) Excess oxygen in the flue gas can lead to some dissolved oxygen in the slurry.
The sulfite ion can be oxidized by dissolved O2 to the sulfate ion:

S02- + 1.0 -- S02-3 2 2 4

When this reaction occurs, the net result is conversion of CaS03 to CaS04:
I

CaS03 . 2H20 + 2:02 -- CaS04' 2H20

Calcium sulfate (gypsum) forms a hard, stubborn scale on the surface of the scrubber,
and its formation must be avoided.

The solubility of CaS03 increases markedly as the pH decreases ( 100 ppm at pH
5.8 and 1000 ppm at pH 4.4). Thus the rate of oxidation of SO~- to SO~- increases as
pH decreases. The CaS04 formed by the oxidation has a solubility that decreases slightly
as pH decreases. Because of both of these factors, but primarily the increased solubility
of CaS03 at low pH, CaS04 precipitation occurs at low pH. Thus the pH must be kept
sufficiently high to prevent CaS04 scale formation. Limestone scrubbing systems oper­
ating at a pH around 6.0 can successfully avoid CaS04 scale formation.

We noted that the optimal pH from the point of view of Ca2+ formation in lime
scrubbing is about 8.0. At high pHs, however, the low solubility of CaS03 leads to a
phenomenon known as soft pluggage, the formation of large leafy masses of CaS03
inside the scrubber. The soft pluggage can be dissolved by lowering the pH to promote
CaS03 solubility. As long as a pH of 8.0 is not exceeded, lime scrubbing can avoid soft
pluggage.

Because neither lime nor limestone is particularly soluble, the liquid/gas ratio must
be relatively high. For limestone scrubbing this ratio must exceed 65 gal per 1000 ft3 of
gas (0.0088 m3 water per m3 of gas). For lime systems a liquid/gas ratio of 35 gal per
1000 ft3 is adequate (0.0047 m3 water per m3 of gas) due to the higher solubility of
lime.

The scrubbing solution is sent from the tower to a retention tank where the pre­
cipitation of CaS03, CaS04, and unreacted CaC03 occurs. The residence time needed
in the retention tank is about 5 min for a lime system and 10 min for limestone. The
crystallized products from the retention tank constitute the waste sludge. Typical waste
sludge compositions are given in Table 8.5.
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TABLE 8.5 TYPICAL COMPOSITIONS OF LIME AND
LIMESTONE SCRUBBING WASTE SLUDGES

509

Compound

Limestone systems
CaCO,
CaSO, . 2HzO
CaS04 . 2H20

Lime systems
CaCO,
CaSO, . 2H20
CaS04 . 2H20
Ca(OHh

Source: Fellman and Cheremisinoff (1977).

Percent dry weight

33
58

9
100

5
73
11
11
100

The main problems with lime and limestone scrubbing are scaling and plugging
inside the scrubber unit. The dual alkali system eliminates these problems. A solution
of sodium sulfite (NaZS03 )/sodium hydroxide (NaOH) is sprayed in the tower. Sulfur
dioxide is absorbed and neutralized in the solution, and since both NaZS03 and NaZS04
are soluble in water, no precipitation occurs in the scrubber. The NaZS03/NazS04 so­
lution from the scrubber cannot simply be discarded because of water pollution problems
and because NaOH is relatively expensive. Thus, in a separate tank, lime or limestone
and some additional NaOH are added to the scrubbing effluent. The lime or limestone
precipitates the sulfite and sulfate and regenerates the NaOH.

There are several dry throwaway processes. As mentioned earlier, a wet lime slurry
can be injected into the tower, and SOz is absorbed by the droplets forming CaS03 and
CaS04' If the liqUid/gas ratio is low enough, the water will evaporate before the droplets
reach the bottom of the tower. The dry particles are subsequently collected, usually in
a baghouse.

Direct injection of pulverized lime or limestone into the boiler has been demon­
strated as an effective means of S02 removal. The SOz is adsorbed on the dry particles,
and the dry SOz-laden particles are collected in a baghouse. The smaller the particle
size, the more efficient the removal process.

Example 8.4 pH Control in Lime Scrubbing (Shinskey, 1977)

We noted above that the optimal pH for lime scrubbing of SOz is about 8.0. Let us see how
this value can be detennined. The idea is to detennine the pH at which all of the S02 is
converted to product.

The ions present in the lime scrubbing system must obey charge neutrality,

where we have included the sulfite ion, SO~-, for completeness. The equilibria involving
sulfur compounds and water were given in Table 8.2. The additional one needed is the
solubility product of CaS03,



510 Removal of Gaseous Pollutants from Effluent Streams

Substituting the equilibrium expressions into the electroneutrality relation yields

Chap. 8

This quadratic equation can be solved for [HS03] given a value of [H+], or pH, since
[H+] = lO-pH.

Shinskey (1977) has carried out this solution and obtained

pH [HS03 ] (M)

3 0.159
4 0.050
5 0.0156
6 4.4 x \0-3

7 7.7 X \0-4

8 8.8 X \0-5

9 9.0 X \0-6

10 9.0 X 10. 7

We now have the bisulfite ion concentration as a function of pH, and we need to
connect the pH to the material balance. The total sulfur concentration in solution at any
time is

Similarly, the total calcium concentration is

We can combine these two and eliminate [CaS03],

rCa] - [S] = [CaH
] - [S02 . H20] - [HS03] - [SO~-]

The [Ca2 +] and [SO~-] teons may be removed by using the electroneutrality relation, to
give

rCa] - [S] = WOW] - [H+] - [HS03]) - [S02 . H20]

The right-hand side may be brought completely in teons of only [HS03] and [H+] using
the equilibrium constant expressions.

The difference [Ca] - [S] represents the difference between the reagent added and
the absorbed S02' The difference has been computed by Shinskey (1977) as a function of
pH:

pH [Cal - [S] (M)

3 -0.09
4 -0.025
5 -7.8 x \0-3

6 -2.2 X \0-3

7 -3.9 X 10-4

8 -4.3 x 10-5

9 5.0 X \0-7

10 5.0 x \0-5
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At a pH between 8.0 and 9.0 all the sulfur is predicted to be consumed, and this represents,
therefore, the optimal pH for full utilization of the calcium.

8.4.2 Regenerative Processes

In regenerative processes the sulfur is recovered in a usable form. One of the oldest
regenerative FGD processes is the Wellman-Lord process. In this process the flue gas is
contacted with aqueous sodium sulfite, and the dissolved S02 reacts to form sodium
bisulfite:

Na2S03 + S02 + H20 -- 2NaHS03

If excess oxygen is present in the flue gas, some of the Na2S03 is oxidized to sodium
sulfate:

I
Na2S03 + 202 -- Na2S04

Part of the liquid stream leaving the bottom of the absorber is sent to a crystall izer where
Na2S04, which is less soluble than Na2S03, crystallizes. The Na2S04 solids are removed
and discarded. The remaining liquid is recycled to the process. The remainder of the
liquid stream from the absorber is sent to a unit where it is heated:

2NaHS03 -- Na2S03 + S02 + H20

The S02 gas produced is quite concentrated (approximately 85 % S02 and 15 % H20)
and in that form can be reduced to elemental sulfur or oxidized to sulfuric acid. Finally,
because some of the feed sodium is discarded with the Na2S04, soda ash (Na2C03) is
added to the absorption tower to produce more sodium sulfite:

Na2C03 + S02 -- Na2S03 + CO2

The magnesium oxide (MgO) process involves scrubbing the flue gas with a slurry
of MgO and recycled MgS03 and MgS04. Absorption takes place by the reactions

MgO + S02 + 6H20 -- MgS03 6H20

MgO + S02 + 3H20 -- MgS03 3H20

The absorbate enters a centrifuge system where the hydrated crystals of MgS03 and
MgS04 are separated from the mother liquor. The liquor is returned to the absorber and
the centrifuged wet cake is sent to a dryer. Regeneration takes place upon heating:

MgS03

1
MgS04 + -2-C

--
--

MgO + S02

1
MgO + S02 + lC02

(coke)

The flue gas from the heating step contains about 15 to 16% S02, which can then be
used for sulfuric acid production.
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The catalytic process converts S02 to H2S04 by passing the flue gases over a
vanadium pentoxide (V2°5 ) catalyst, which oxidizes S02 to S03, followed by contact­
ing the S03 with water to form H2S04 . In the process, gas enters the catalyst bed, after
particulate removal, at temperatures of 698 to 728 K. After the catalyst bed, the S03 is
contacted with water, and H2S04 is condensed. The advantages of the process are that
the system is basically simple and catalyst recycle is not necessary. Disadvantages are
that expensive, corrosion-resistant materials are needed, the catalyst is easily deactivated
by certain particles, and the sulfuric acid produced is usually too dilute to be salable.

8.5 REMOVAL OF NOx FROM EFFLUENT STREAMS

Stationary source NOt control is based on both modifications in combustion conditions
(Chapter 3) and removal of NOt from exhaust gases. Combustion and design modifi­
cation techniques appear to be the most economical means of achieving substantial NO,
emission reductions. It is uncertain, however, whether the NO, emission reductions at­
tainable by use of combustion modification techniques alone can provide the overall level
of NO, control necessary to meet ambient air quality standards.

Typical uncontrolled and controlled NOt concentrations in utility boiler flue gases
are given in Table 8.6. Flue gas treatment (FOT) methods for NO, removal are generally
used together with combustion modifications. In Table 8.6 the flue gas treatment method
indicated is selective catalytic reduction, a method that we will discuss shortly. To
achieve an excess of 90% NO, reduction, the combination of combustion modifications
(to reduce 35 to 50% of the NO, emissions) and FOT, such as by selective catalytic
reduction (to remove 80 to 85 % of the remaining NO,) is generally more economical
than FOT alone.

For a number of reasons, NO, removal from flue gases is more difficult than S02
removal, and, as a result, technology for NOx cleaning of flue gases is not as advanced
as that for S02. The key problem is that NO, the principal NOt species in flue gas, is
relatively insoluble and unreactive. In addition, flue gases containing NO often also
contain H20, CO2 , and S02 in greater concentrations than NO. These species are more
reactive than NO and interfere with its removal.

TABLE 8.6 UNCONTROLLED AND CONTROLLED NOx CONCENTRATIONS (ppm) IN
UTILITY BOILER FLUE GAS

Fuel

Gas
Oil
Coal

Without
control

200
300
600

With combustion
modifications

50
100
250

With combustion modifications
and selective catalytic reduction

10
20
50

Source: Ando (1983).
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8.5.1 Shell Flue Gas Treating System

There is at this time at least one commercially demonstrated dry simultaneous NOx/SOx
removal process, the Shell Flue Gas Treating System. This process was originally de­
signed for S02 control but was found also to be adaptable for NOx control (Mobley,
1979). Flue gas is introduced at 673 K into two or more parallel passage reactors con­
taining copper oxide (CuO) supported on alumina (A120 3 ), where the S02 reacts with
the copper oxide to form copper sulfate (CUS04):

I
CuO + 2:02 + S02 - CUS04

The CuS04 and, to a lesser extent, the CuO act as catalysts in the reduction of NO with
added ammonia,

4NO + 4NH3 + O2 - 4N2 + 6H20

When the reactor is saturated with copper sulfate, the flue gas is switched to a fresh
reactor, and the spent reactor is regenerated. In the regeneration cycle, hydrogen is used
to reduce the copper sulfate to copper,

CUS04 + 2H2 - Cu + S02 + 2H20

producing an S02 stream of sufficient concentration for conversion to sulfur or sulfuric
acid. The copper is then oxidized back to copper oxide,

Cu + 102 - CuO

The process can be operated in the NOx-only mode by eliminating the regeneration cycle
or in the SOx-only mode by eliminating the ammonia injection.

8.5.2 Wet Simultaneous NOx/SOx Processes

Although wet NOx removal processes do not as yet compete economically with dry NOx
processes, wet simultaneous NOx/SOx processes may be competitive with the sequential
installation of dry NOx control followed by S02 control by flue gas desulfurization (FGD).
The first wet simultaneous NOx/SOx systems, called oxidation/absorption/reduction
processes, evolved from FGD systems (Mobley, 1979). Since the NO is relatively in­
soluble in aqueous solutions, a gas-phase oxidant, such as ozone (°3 ) or chlorine diox­
ide (CI02), is injected before the scrubber to convert NO to the more soluble N02. The
absorbent then forms, with S02, a sulfite ion that reduces a portion of the absorbed NOx

to N2. The remaining NOx is removed from the wastewater as nitrate salts, while the
remaining sulfite ions are oxidized to sulfate by air and removed as gypsum. Oxidation/
absorption/reduction processes have the potential to remove 90% of both SOx and NOx
from combustion flue gas. However, the use of a gas-phase oxidant is expensive. Chlo­
rine dioxide, although cheaper than ozone, adds to the wastewater problems created by
the nitrate salts.

Absorptionlreduction processes circumvent the need for use of a gas-phase oxidant
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TABLE 8.7 COMPARISON OF DRY NOx AND WET SIMULTANEOUS NOx /S0 2 SYSTEMS

Dry NO,

Wet NOjSO,

Advantages

Low capital investment
Simple process
High NO, removal efficiency ( > 90%)
Extensive tests in large units
No waste stream generated

Simultaneous NOjSO, removal
Insensitive to pal1iculate levels
High S02 removal (>95%)

Disadvantages

Sensitive to inlet pal1iculatc levels
Requires ammonia

Possible emission of NH, and (NH" ),SO"
Relative high temperatures (573 to 673 K)

Expensive to process due to complexity
and NO insolubility

Fonnation of nitrates (NO,) and other
potential water pollutants

Extensive equipment requiremcnts
Formation of low-demand hyproducts
Flue gas reheat required
Only moderate NO, removal

High SO, to NO, ratios in feed required

through the addition of a chelating compound, such as ferrous-EDTA (ethylenedia­
mine tetracetic acid), which has an affinity for the relatively insoluble NO. The NO is
absorbed into a complex with the ferrous ion, and the S02 is absorbed as the sulfite ion.
Then the NO complex is reduced to N2 by reaction with the sulfite ion. A series of
regeneration steps recovers the ferrous chelating compound and oxidizes the sulfite to
sulfate, which is removed as gypsum. Although absorption/reduction processes also have
the potential to remove 90% of both SO, and NO, from combustion flue gas, a large
absorber is required, and the process is sensitive to the flue gas composition of S02,
NOp and 02' The molar ratio of S02 to NO, must remain above approximately 2.5, and
the oxygen concentration must remain low. Table 8.7 presents a comparison of the ad­
vantages and disadvantages of dry NO, and wet simultaneous NOjSO, systems.

8.5.3 Selective Noncatalytic Reduction

There are two promising routes for NO, control involving the use of ammonia, one
noncatalytic homogeneous reduction and the other selective catalytic (heterogeneous)
reduction. Noncatalytic ammonia injection removes NO, from effluent gases by reducing
NO to N2 and H20 in the presence of oxygen. This process has been discussed in detail
in Chapter 3. The overall reactions are:

4NO + 4NH3 + O2 -- 4N2 + 6H20

4NH3 + 502 -- 4NO + 6H20

The first reaction dominates at temperatures rangling from 1070 to 1270 K; above 1370
K the second reaction becomes significant, leading to the undesirable fonnation of NO.
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The ammonia injection process is thus highly temperature sensitive, with maximum NO
reduction occurring in the range 1200 to 1300 K. The ammonia injection NO, control

system is commercially available and has been demonstrated on a number of boilers and
furnaces.

8.5.4 Selective Catalytic Reduction

Selective catalytic reduction (SCR) refers to the process wherein NO, is reduced by NH,
over a heterogeneous catalyst in the presence of 02' The process is termed selective
because the NH3 preferentially reacts with NOx rather than with 02' The oxygen, how­
ever, enhances the reaction and is a necessary component of the process. Because of the
need for oxygen to be present, SCR is most applicable to flue gases from flue-lean firing
combustion systems. The predominant reaction is I above. Note that, in theory, a stoi­
chiometric amount of NH3 sufficient to reduce all the NO according to reaction 1 is in
a 1: 1 ratio to the NO. In practice, molar NH3: NO ratios in noncatalytic NH3 injection
range from 1.5 for NO levels below 200 ppm to approaching 1.0 as the NO level in­
creases. In selective catalytic reduction a ratio of 1.0 has typically reduced NO, emis­
sions by 80 to 90 %.

The SCR processes are relatively simple, requiring only a reactor, a catalyst, and
an ammonia storage and injection system. The optimum temperature for the noncata­
lyzed reaction is about 1300 K. The catalyst effectively reduces the reaction temperature
to the range 570 to 720 K. To avoid the need to reheat the flue gas, the reactor is usually
located just after the boiler, either before or after the particulate control device.

Many different types of catalyst compositions and configurations have been de­
veloped for SCR. Initially, catalysts were developed for flue gases without particles,
such as those from natural gas firing. For these applications a catalyst of platinum (Pt)
on an alumina (AI20,) support was used. Alumina is poisoned by SO" particularly SO"
so titanium dioxide (Ti02), which is resistant to SO, poisoning, was found to be an
acceptable catalyst support. Vanadium compounds are resistant to SO, attack and also
promote the reduction of NO, with ammonia. A common catalyst support is thus Ti02
and V20 S '

A problem with SCR processes is the formation of solid ammonium sulfate,
(NH4hS04, and liquid ammonium bisulfate, NH4HS04, both of which are highly cor­
rosive and interfere with heat transfer. The problem is most severe with high sulfur oil
firing. With low sulfur oils, the SO, is not present in sufficient quantity. Tests with coal
indicate that (NH4hS04 and NH4HS04 may deposit on the fly ash or be removed from
the heat exchanger surface by the erosive action of the fly ash. The formation of these
two substances is minimized by reducing the S03 and NH, in the effluent and by in­
creasing the exhaust temperature of the flue gas.

Selective catalytic reduction has achieved widespread use in Japan. By the begin­
ning of 1985 about 160 SCR plants were in operation in Japan. About 60% of these
SCR plants are being used with oil-fired utility boilers, 21 % with coal-fired boilers, and
19% with gas-fired boilers (Ando, 1983, 1985).
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8.5.5 NOx and SOx Removal by Electron Beam

In the electron beam process, an electron beam is caused to penetrate into the effluent
gas stream where collisions between the electrons and gas molecules produce ions that,
in turn, interact with the gas to create free atoms and radicals that will react with pol­
lutants in the gas stream (Bush, 1980). Primary reactions induced by the electron beam
are the decomposition of water and oxygen by the electrons:

e

O2 - 20

followed by reactions of the free atoms and radicals with pollutant species:

OH + NO - HN02

0+ NO - N02

OH + N02 - HN03

S02 + ° - S03

The essence of the process is thus that the hydroxyl radicals and oxygen atoms formed
by the irradiation oxidize NOt and S02 to form the corresponding acids, which are then
removed by appropriate neutralization of the acids with added basic substances, such as
Ca(OH)z:

2HN03 + Ca(OHh - Ca(N03)2 + 2H20

503 + H20 + Ca(OHh - CaS04 ' 2H20

An electron beam is generated by accelerating electrons through a potential field
(Gleason and Helfritch, 1985). The depth of penetration of the electron beam into a gas
stream is proportional to the electron energy and inversely proportional to the gas den­
sity. The yield of a particular radical, such as OH, is proportional to the absorbed beam
energy.

Electron beam treatment can be combined with conventional spray dryer alkali
absorption and particulate collection (fabric filter or electrostatic precipitator). Flue gas
exiting a boiler is first reacted in the spray dryer with lime and recycled fly ash. A typical
operation would capture 50 to 60% of the S02 across the spray dryer, with the moisture
content of the gas stream increasing from about 9 to approximately 13 % by volume.
The electron beam reactor then converts the NO and N02 to nitric acid (HN03). The
acid formed in the electron beam reactor is neutralized by the dispersed alkali particles
in the gas stream and further neutralized in the downstream filter. The dry scrubbing
step can be focused on S02 removal with only incidental NOt reduction, due possibly
to NO- N02-S02 reactions, since the electron beam step removes the NOt'

If the electron beam reactor is operated at reduced levels of irradiation, HN03
production can be minimized, and it is theoretically possible to produce a 50/50 mixture
of N02 and NO from the effluent NO. Gleason and Helfritch (1985) have proposed that
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reduced irradiation can be combined with subsequent contacting of the gas with an
aqueous NH40H solution:

NO(g) + N02(g) + 2NH40H(aq) .. .. 2NH4N02 + H 20

In this process, the reduction in power consumption associated with a lower-energy beam
is offset by the need to introduce ammonia.

Although the electron beam reactor is a relatively new concept, simultaneous NOx

and SOx removal at efficiencies exceeding 90% have been demonstrated for high-sulfur
fuels.

PROBLEMS

8.1. A flue gas containing 3 % S02 by volume is to be scrubbed by a fresh absorbent to remove
90% of the S02' At equilibrium, the dissolved S02 mole fraction in the absorbent is 0.0027
when the mole fraction in the gas phase is 0.03. What is the minimum L/G for the absorber?
Assume that in this region the equilibrium line is straight.

8.2. Ninety-five percent of the S02 in a process effluent stream of S02 and air is to be removed
by gas absorption with water. The entering gas contains a mole fraction of S02 of 0.08; the
entering water contains no S02' The water flow rate is to be twice the minimum. The entering
gas flow rate is 100 mol min -I.

(a) Assume for the purposes of the calculation that the equilibrium line for S02 is straight
with a slope of 35. Determine the depth of the packing needed. Use the relation for Hoy
given in Problem 8.3.

(b) In the case in which both the operating and equilibrium lines are straight, that is, when
the concentration of solute is lean (Y « I, x « I), the integral in (8.27) can be
approximated by

fYO
dy

JY1 Y - y*

which can be integrated analytically. Show that in this case

G Yo - YI
Zr=-

Kya (y Y*)lm

where

(
*) _ (Yo-Y6)-(YI-yi)

Y - Y 1m - [ * / *)]In (Yo - Yo) (YI YI

Repeat case (a), assuming that the operating and equilibrium lines are both straight.

8.3. An absorber is to be used to remove acetone from an airstream by contact with water. The
entering air contains an acetone mole fraction of 0.11, and the entering water is acetone­
free. The inlet gas flow rate is 10 m3 min-I. The mole fraction of acetone in the air leaving
the column is to be 0.02. The equilibrium curve for acetone-water at I atm and 299.6 K,
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the conditions of operation of the tower, is given by (McCabe and Smith, 1976)

y = 0.33x e L95( I-x)'

(a) What is the water flow rate if it is to be 1.75 times the minimum?
(b) What is the required height of the tower if the gas-phase HTU is given by

Hoy = 3.3 C0 33 L-033 meters

where C and L are the mass velocities, in kg m - 2 h-I?

8.4. Benzene vapor present at a concentration of 0.030 kg benzene /kg air is to be removed by
passing the gas mixture downward through a bed of silica gel at 323 K and 2 atm pressure
at a linear velocity of 0.5 m S-I (based on the total cross-sectional area of I m2). The bed
has a packing depth of 3 m. The breakpoint will be considered that time when the effluent
air has a benzene content of 0.0030 kg benzene /kg air, and the bed will be considered
exhausted when the effluent air contains 0.024 kg benzene/kg air. Determine the time re­
quired to reach the breakpoint. Pertinent data are given in Example 8.3.

Under these conditions the adsorption isotherm is

y* = 0.1167 XU

8.5. A coal containing 3 % sulfur by weight is burned at a rate of 50 kg s -I in a 500-MW power
plant. Ninety percent of the S02 in the flue gas is to be removed by limestone scrubbing.
Assume the limestone to be pure CaC03. Calculate the limestone feed rate needed to achieve
the 90% removal assuming perfect stoichiometric reaction.

The stoichiometric ratio can be defined as the weight of reagent actually needed di­
vided by the theoretical stoichiometric weight to remove the same quantity of S02' Stoichi­
ometric ratios for 90% S02 removal for lime systems range from 1.05 to 1.15, while those
for limestone range from 1.25 to 1.6. Using actual ratios of 1.10 and lAO, calculate the
ratio of the weight of limestone to that of lime for this flue gas.

8.6. A power plant flue gas contains 1000 ppm of NO and is emitted at a rate of 1000 m3 S-I at
573 K and I atm. A selective catalytic reduction system is to be used to achieve 75 % removal
of the NO. Calculate the quantity of ammonia needed in kg h-I.

8.7. Section 8.2.2 considered the design of a packed S02 absorber when the aqueous-phase S02
equilibria are explicitly accounted for. For the conditions of Example 8.2, compute and plot
the tower height as a function of the percentage of S02 removed over the range of 90% to
97.5% removal. Assume Go = 30 kg-mol m-2 h- ' , W = 50 m3 m-2 h- 1

, pHo = 10, and

Yo = 0.2.
Note that to carry out this calculation it will be necessary to solve the nonlinear al­

gebraic equation (8.54) to determine '1/1' and the numerically evaluate the integral in (8.53)
to find Z1" The nonlinear algebraic equation can be solved by Newton's method, for example
with the IBM Scientific Subroutine Package (SSP) RTNI, and the integral can be evaluated
numerically by the IBM SSP Gaussian quadrature subroutine DQG32.

8.8. In the dual alkali processes S02 is absorbed from the flue gas by an Na2S03 solution. The
spent solution is then sent to a regenerating system where lime is added to precipitate CaS03
and regenerate Na2S03' In this problem we want to determine the optimum pH at which to
carry out the scrubbing step. The overall reaction in the system is

Na2S03 + H20 + S02 + CO2 .. •
Na+ + H+ + OW + HS03 + SO~- + HC03 + CO~-
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Equilibrium constants for the carbonate systems at 333 K are:

[C02 ' HzO] _ _ -1
-=--......:-_=------=- - Khc - 0.0163 M atm

Peo,

[HC0.i][H+]

[C02 ' H20]

[CO~· ][H+]

[HC03 ]

The sodium mass in the system is just

10-635 M

= K
c2

= 10-·]0.25 M

whereas that for sulfur is

Derive an equation for [Na] as a function of pH, Peo" and [S]. Calculate and plot [Na]
[S], in M, as a function of pH over the range pH = 2 to 7 for [S] = 0.01 Mat Peo,
0.16 atm. For these conditions, what is the pH of complete sodium utilization?
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9

Optimal Air Pollution

Control Strategies

In general, the goal of air pollution abatement is the meeting of a set of air quality
standards (see Table 1.9). Air pollution abatement programs can be divided into two
categories:

1. Long-term control

2. Short-term control (episode control)

Long-term control strategies involve a legislated set of measures to be adopted over a
multiyear period. Short-term (or episode) control involves shutdown and slowdown pro­
cedures that are adopted over periods of several hours to several days under impending
adverse meteorological conditions. An example of a short-term strategy is the emergency
procedures for fuel substitution by coal-burning power plants in Chicago when S02 con­
centrations reach certain levels (Croke and Booras, 1969).

Figure 9.1 illustrates the elements of a comprehensive regional air pollution con­
trol strategy, consisting of both long- and short-term measures. Under each of the two
types of measures are listed some of the requirements for setting up the control strategy.
The air quality objectives of long- and short-term strategies may be quite different. For
long-term control, a typical objective might be to reduce to a specified value the expected
number of days per year that the maximum hourly average concentration of a certain
pollutant exceeds a given value. On the other hand, a goal of short-term control is or­
dinarily to keep the maximum concentration of a certain pollutant below a given value
on that particular day.

The alternatives for abatement policies depend on whether long- or short-term

521
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Comprehensive
air pollution

control strategy

I
I

Long-term Short-term
control control

I
I I I I

Urban planning Rescheduling Programmed Rescheduling Immediate

and zoning of activities reduction in of activities reduction in
the quantity emissions
of material

emitted

Requirements for long-term planning

Air quality objective
Airshed model (dynamic or static,
depending on objective)
Survey of control techniques and
their costs
Meteorological probabilities

Requirements for real-time control

Air quality objective
Dynamic model
Rapid communications
Strict enforcement of measures

Figure 9.1 Elements of a comprehensive air pollution control strategy for a region.

control measures are being considered. Some examples of long-term air pollution control
policies are:

• Enforcing standards that restrict the pollutant content of combustion exhaust

• Requiring used motor vehicles to be outfitted with exhaust control devices

• Requiring new motor vehicles to meet certain emissions standards

• Prohibiting or encouraging the use of certain fuels in power plants

• Establishing zoning regulations for the emission of pollutants

• Encouraging the use of vehicles powered by electricity or natural gas for fleets

Short-term controls are of an emergency nature and are more stringent than long-term
controls that are continuously in effect. Examples of short-term control strategies are:

• Prohibiting automobiles with fewer than three passengers from using certain lanes
of freeways

• Prohibiting the use of certain fuels in some parts of the city

• Prohibiting certain activities, such as incineration of refuse
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The objectives of a short-tenn control system are to continuously monitor concen­
trations at a number of stations (and perhaps also at the stacks of a number of important

emission sources) and, with these measurements and weather predictions as a basis, to
prescribe actions that must be undertaken by sources to avert dangerously high concen­
trations. Figure 9.2 shows in schematic, block-diagram fonn a possible real-time control
system for an airshed. Let us examine each of the loops. The innennost loop refers to
an automatic stack-monitoring system of major combustion and industrial sources. If the
stack emissions should exceed the emission standards, the plant would automatically
curtail its processes to bring stack emissions below the standard. The emission standards
would nonnally be those legislated measures currently in force. The next loop represents
a network of automatic monitoring stations that feed their data continuously to a central
computer that compares current readings with air quality "danger" values. These values
are not necessarily the same as the air quality standards discussed earlier. For example,
if the air quality standard for SOl is 0.14 ppm for a 24-h average, the alert level might
be 0.5 ppm for a I-h average. In such a system one would not rely entirely on measure­
ments to initiate action, since once pollutants reach dangerous levels it is difficult to
restore the airshed quickly to safe levels. Thus we would want to predict the weather to
3 to 48 h in advance, say, and use the infonnation from this prediction combined with
the feedback system in deciding what action, if any, to take.

Meteorological
prediction

+
Prediction-
Simulation

Alert level-rJ Emergency IAtmosPhere:
Air qualify

control t----
procedures

Emission
Emission sources

standa rd s-()--+- Emission standard f-+-
enforcement

- Stack monitoring
system

Automatic air
monitoring network

Figure 9.2 Elements of a real-time air pollution control system involving automatic

regulation of emission sources based on atmospheric monitoring.
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We refer the interested reader to Rossin and Roberts (1972), Kyan and Seinfeld
(1973), and Akashi and Kumamoto (1979), for studies of short-term air pollution
control.

9.1 LONG-TERM AIR POLLUTION CONTROL

Let us focus our attention primarily on long-term control of air pollution for a region. It
is clear that potentially there are a number of control policies that could be applied by
an air pollution control agency to meet desired air quality goals. The question then is:
How do we choose the "best" policy from among all the possibilities? It is reasonable
first to establish criteria by which the alternative strategies are to be judged.

Within the field of economics, there is a hierarchy of techniques called cost/benefit
analysis, within which all the consequences of a decision are reduced to a common
indicator, invariably dollars. This analysis employs a single measure of merit, namely
the total cost, by which all proposed programs can be compared. A logical inclination
is to use total cost as the criterion by which to evaluate alternative air pollution abatement
policies. The total cost of air pollution control can be divided into a sum of two costs:

1. Damage costs: the costs to the public of living in polluted air, for example, tan­
gible losses such as crop damage and deteriorated materials and intangible losses
such as reduced visibility and eye and nasal irritation

2. Control costs: the costs incurred by emitters (and the public) in order to reduce
emissions, for example, direct costs such as the price of equipment that must be
purchased and indirect costs such as induced unemployment as a result of plant
shutdown or relocation

We show in Figure 9.3 the qualitative form of these two costs and their sum as a
function of air quality; poor air quality has associated with it high damage costs and low

Low
pollution

Air quality Heavy
pollution

Figure 9.3 Total cost of air pollution as a
sum of control and damage costs.
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control costs, whereas good air quality is just the reverse. Cost/benefit principles indicate
that the optimal air quality level is at the minimum of the total cost curve. The key

problem is: How do we compute these curves as a function of air quality? Consider first
the question of quantifying damage costs.

Damage costs to material and crops, cleaning costs due to soiling, and so on,
although not easy to determine, can be estimated as a function of pollutant levels (Rid­
ker, 1967). However, there is the problem of translating into monetary value the effects
on health resulting from air pollution. One way of looking at the problem is to ask: How
much are people willing to spend to lower the incidence of disease, prevent disability,
and prolong life? Attempts at answering this question have focused on the amount that
is spent on medical care and the value of earnings missed as a result of sickness or death.
Lave and Seskin (1970) stated that' 'while we believe that the value of earnings foregone
as a result of morbidity and mortality provides a gross underestimate of the amount
society is willing to pay to lessen pain and premature death caused by disease, we have
no other way of deriving numerical estimates of the dollar value of air pollution abate­
ment. " Their estimates are summarized in Table 9.1. These estimates are so difficult to
make that we must conclude that it is generally not possible to derive a quantitative
damage-cost curve such as that shown in Figure 9.3.

There are actually other reasons why a simple cost/benefit analysis of air pollution
control is not feasible. Cost is not the only criterion for judging the consequences of a
control measure. Aside from cost, social desirability and political acceptability are also
important considerations. For example, a policy relating to zoning for high and low
emitting activities would have important social impacts on groups living in the involved
areas, and it would be virtually impossible to quantify the associated costs.

It therefore appears that the most feasible approach to determining air pollution
abatement strategies is to treat the air quality standards as constraints not to be violated
and to seek the combination of strategies that achieves the required air quality at mini­
mum cost of control. In short, we attempt to determine the minimum cost of achieving
a given air quality level through emission controls (i.e., to determine the control cost
curve in Figure 9.3).

In the case of the control cost curve, it is implicitly assumed that least-cost control

TABLE 9.1 ESTIMATED HEALTH COSTS OF AIR POLLUTION IN 1970

Disease

Respiratory disease
Lung eancer
Cardiovascular disease
Cancer

Total annual
estimated eost

(millions of dollars)

4887
135

4680
2600

Estimated pereentage
decrease in disease for

a 50 % reduction in
air pollution

25
25
10
15

Estimated savings
ineurred for a

50% reduetion in
air pollution

(millions of dollars)

1222
33

468
390

2100

Source: Lave and Seskin (1970).
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strategies are selected in reaching any given abatement level. There will usually be a
wide assortment of potential control strategies that can be adopted to reduce ambient
pollution a given amount. For instance, a given level of NOr control in an urban area
could be achieved by reducing emissions from various types of sources (e.g., power
plants, industrial boilers, automobiles, etc.). The range of possible strategies is further
increased by alternative control options for each source (e.g., flue gas recirculation, low­
excess-air firing, or two-stage combustion for power plant boilers). Out of all potential
strategies, the control cost curve should represent those strategies that attain each total
emission level at minimum control cost.

9.2 A SIMPLE EXAMPLE OF DETERMINING A LEAST-COST AIR
POLLUTION CONTROL STRATEGY

Let us now consider the formulation of the control method-emission-Ievel problem for
air pollution control, that is, to determine that combination of control measures em­
ployed that will give mass emissions not greater than prescribed values and do so at least
cost. Let E 1, ••• , EN represent measures of the mass emissions* of N pollutant species
(e.g., these could be the total daily emissions in the entire airshed in a particular year
or the mass emissions as a function of time and location during a day); then we can
express the control cost C (say in dollars per day) as C = C(E I, . . . , EN ). To illustrate
the means of minimizing C, we take a simple example (Kohn, 1969).

Let us consider a hypothetical airshed with one industry, cement manufacturing.
The annual production is 2.5 X 106 barrels of cement, but this production is currently
accompanied by 2 kg of particulate matter per barrel lost into the atmosphere. Thus the
uncontrolled particulate emissions are 5 X 106 kg yr- I

. It has been determined that
particulate matter emissions should not exceed 8 X 105 kg yr-I. There are two available
control measures, both electrostatic precipitators: type I will reduce emissions to 0.5 kg
bbl- I and costs 0.14 dollars bbl- I

; type 2 will reduce emissions to 0.2 kg bbl- I but
costs 0.18 dollar bbl- I

. Let

XI = bbl yr - I of cement produced with type I units installed

X2 = bbl yr- I of cement produced with type 2 units installed

The total cost of control in dollars is thus

C = 0.14X j + 0.18X2 (9.1 )

We would like to minimize C by choosing Xl and X2 . But Xl and X2 cannot assume
any values; their total must not exceed the total cement production,

Xl + X2 :5 2.5 X 106 (9.2)

and a reduction of at least 4.2 X 106 kg of particulate matter must be achieved,

1.5X1 + 1.8X2 2: 4.2 X 106 (9.3)

*Note that E, is 0 if i is purely a secondary pollutant.
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Figure 9.4 Least-cost strategy for cement industry example (Kahn, 1969).

and both XI and X2 must be nonnegative,

Xl> X2 2':: 0 (9.4 )

The complete problem is to minimize C subject to (9.2)-(9.4). In Figure 9.4 we have
plotted lines of constant C in the X I-X2 plane. The lines corresponding to (9.2) and (9.3)
are also shown. Only XI' X2 values in the crosshatched region are acceptable. Of these,
the minimum cost set is Xl = 106 and X2 = 1.5 X 106 with C = 410,000 dollars. If we
desire to see how C changes with the allowed particulate emissions, we solve this prob­
lem repeatedly for many values of the emission reduction (we illustrated the solution for
a reduction of 8 x 105 kg of particulate matter per year) and plot the minimum control
cost C as a function of the amount of reduction (see Problem 9.1).

The problem that we have described falls within the general framework of linear
programming problems. Linear programming refers to minimization of a linear function
subject to linear equality or inequality constraints. Its application requires that control
costs and reductions remain constant, independent of the level of control.

9.3 GENERAL STATEMENT OF THE LEAST-COST AIR
POLLUTION CONTROL PROBLEM

The first step in fonnulating the least-cost control problem mathematically is to put the
basic parameters of the system into symbolic notation. There are three basic sets of
variables in the environmental control system: control cost, emission levels, and air
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quality. Total control cost can be represented by a scalar, C, measured in dollars. To
allow systematic comparison of initial and recurring expenditures, control costs should
be put in an "annualized" form based on an appropriate interest rate. Emission levels
for N types of pollutants can be characterized by N source functions, En (x, t), n = 1,
... , N, giving the rate of emission ofthe nth contaminant at all locations, X, and times,
t, in the region. The ambient pollution levels that result from these discharges can be
specified by similar functions, Ph(x, t), h = 1, ... , H, giving the levels of H final
pollutants at all locations and times in the area under study.

Actually, air quality would most appropriately be represented by probability dis­
tributions of the functions Ph (x, t). In specifying ambient air quality for an economic
optimization model, it is generally too cumbersome to use the probability distributions
of Ph(x, t). Rather, integrations over space, time, and the probability distributions are
made to arrive at a set of air quality indices, Pm' m = 1, ... , M. Such indices are the
type of air quality measures actually used by control agencies. In most cases, they are
chosen so as to allow a direct comparison between ambient levels and governmental
standards for ambient air quality.

The number of air quality indices, M, may be greater than the number of dis­
charged pollutant types, N. For any given emitted pollutant, there may be several air
quality indices, each representing a different averaging time (e.g., the yearly average,
maximum 24-h, or maximum I-h ambient levels). Multiple indices will also be used to
represent multiple receptor locations, seasons, or times of day. Further, a single emitted
pollutant may give to rise to more than one type of ambient species. For instance, sulfur
dioxide emissions contribute to both sulfur dioxide and sulfate air pollution.

Among the three sets of variables, two functional relationships are required to
define the least-cost control problem. First, there is the control cost-emission function
that gives the minimum cost of achieving any level and pattern of emissions. It is found
by taking each emission level, En(x, t), n = 1, ... , N, technically determining the
subset of controls that exactly achieves that level, and choosing the specific control plan
with minimum cost, C. This function, the minimum cost of reaching various emission
levels, will be denoted by G,

(9.5)

Second, there is the discharge-air quality relationship. This is a physicochemical
relationship that gives expected air quality levels, Pm' as functions of discharge levels,
En(x, t). For each air quality index, Pm' this function will be denoted by Fm,

(9.6)

With the definitions above, we can make a general mathematical statement of the
minimal-cost air pollution control problem. To find the minimal cost of at least reaching
air quality objectives P::" choose those

n = 1, ... ,N

that minimize

(9.7)
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m = 1, ... , M

Thus one chooses the emission levels and patterns that have the minimum control cost
subject to the constraint that they at least reach the air quality goals.

9.4 A LEAST-COST CONTROL PROBLEM FOR TOTAL
EMISSIONS

The problem (9.7), though simply stated, is extremely complex to solve, because, as
stated, one must consider all possible spatial and temporal patterns of emissions as well
as total emission levels. It is therefore useful to remove the spatial and temporal depen­
dence of the emissions and air quality. Let us consider, therefore, minimizing the cost
of reaching given levels of total regional emissions. We assume that:

• The spatial and temporal distributions of emissions can be neglected. Accordingly,
the discharge functions, En(x, t), n = 1, ... , N, can be more simply specified
by, En' n = 1, ... , N, that are measures of total regionwide emissions.

• The air quality constraints can be linearly translated into constraints on the total
magnitude of emissions in the region of interest.

• The problem is static (i.e., the optimization is performed for a fixed time period
in the future).

• There are a finite number of emission source types. For each source type, the
available control activities have constant unit cost and constant unit emission re­
ductions.

With these assumptions, the problem of minimizing the cost of reaching given
goals for total emissions can be formulated in the linear programming framework of
Section 9.2. Table 9.2 summarizes the parameters for this linear programming problem.
The mathematical statement of the problem is as follows: Find Xij , i = 1, ... , I and
j = 1, . . . , Ji that minimize

subject to

ii

C = I; I; eX
i=lj=l IJ IJ

(9.8 )

I 1;

I; I; ein (l - b ijn ) Xij ::5 En
i~ 1 j~ 1

for n 1, ... , N (9.9)

and

Ji

I; Aij Xij ::5 Si
J = 1

for i = 1, ... , I (9.10)

for i 1, ... ,I; j = 1, ... , J i (9.11 )
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TABLE 9.2 PARAMETERS FOR THE LEAST-COST PROBLEM FOR TOTAL EMISSIONS

elj i = 1, I
j = I, Ji

C
En i = 1, N

(!jn

Si

Parameter

i = I, , I
j = I, ,Ji

i = 1, , I
n = 1, ,N

i = 1, , I
j = 1, ,]i

II = 1, ,N

i = 1, ... , I

i = 1, , I
j = 1, , Ji

Definition

The number of units of thejth control activity applied to source type i (e.g ..
the number of a certain control device added to 1980 model year vehicles
or the amount of natural gas substituted for fuel oil in power plant boilers).
The total number of source types is I; the number of control alternatives
for the ith source type is Ji •

The total annualized cost of one unit of control type j applied to source
type i.

The total annualized cost for the control strategy as specified by all the X'J'
The uncontrolled (all Xu = 0) emission rate of the nth pollutant as specified

by all Xu (e.g., the resultant total NO, emission level in kg day· '). There
are N pollutants.

The uncontrolled (all Xu = 0) emission rate of the nth pollutant from the
ith source (e.g., the NO, emissions from power plant boilers under no
controls).

The fractional emission reduction of the nth pollutant from the ith source
attained by applying one unit of control, type j (e.g., the fractional NO,
emission reduction from power plant boilers attained by substituting one
unit of natural gas for fuel oil).

The number of units of source type i (e.g., the number of 1980 model year
vehicles or the number of power plant boilers).

The number of units of source type i controlled by one unit of control type
j (e.g., the number of power plants controlled by substituting one unit of
natural gas for fuel oil).

In this linear programming problem, (9.8) is the objective function, and (9.9)­
(9.11) are the constraints. Equation (9.9) represents the constraint of at least attaining
the specified emission levels, Ell' Equations (9.10) and (9.11) represent obvious physical
restrictions, namely not being able to control more sources than those that exist and not
using negative controls.

Solution techniques are well developed for linear programming problems, and
computer programs are available that accept numerous independent variables and con­
straints. Thus the solution to the problem is straightforward once the appropriate param­
eters have been chosen. The results are the minimum cost, C, and the corresponding set
of control methods, Xu' associated with a least-cost strategy for attaining any emission
levels, Ell'

More generality is introduced if we do not translate the air quality constraints
linearly into emission constraints. Rather, we may allow for nonlinear relationships be­
tween air quality and total emissions and can include atmospheric interaction between
emitted pollutants to produce a secondary species. The general least-cost control prob­
lem can then be restated as: Choose

E" n - I, ... , N

to minimize

C = G(EII ) (9.12 )
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m= 1, ... , M

Here G(En ) represents the minimum cost of attaining various total emission levels. This
function can be found by linear programming. The functions, F",(En ), represent the air
quality-emission relationships. These can be found by a variety of means, such as em­
pirical/statistical or physicochemical models (Seinfeld, 1986). If linear functions are
adopted for thef,n(En), this case degenerates into that above. In general, however, the
air quality-emission relationships can be nonlinear and can involve interactions between
two or more types of emissions.

A hypothetical example of the solution to (9.12) for two emitted contaminants
(E I , E2 ) and two final pollutants (PI' P2 ) is illustrated in Figure 9.5. The axes of the
graph measure total emission levels of the two contaminants, E I and E2 • The curves
labeled C" C2 , and so on, are iso-cost curves determined by repeated application of a
linear programming submodel. Along any curve labeled Cb the minimum cost of reach­
ing any point on that curve is Ck • As emission levels fall (downward and to the left in
the graph), control costs rise. Thus C, < C2 < ... < Cs. The air quality constraints
are represented by the two curves, PI and P2 , derived from a nonlinear air quality­
emission level relationship. The constraint of at least reaching air quality level PI for
the first pollutant requires that emissions be reduced below the curve. The constraint
that air quality be at least as good as P2 for the second pollutant requires that emissions
be reduced to the left of the P2 curve. The emission levels that satisfy both air quality

c, C'_1
1

IE;,E;)

~Cl
C2

I
IC3

IC4
I
IC 5/.... I

'--.....£..__ I

I
I
I
I
I
I

"""""--------'------ E,

I<'igure 9.5 Iso-cost lines in the plane of
emission levels of two pollutants, £, and £2,
showing a feasible region of air quality de­
fined by the curves F, (£" £2) :'" P, and

F2 (E[, E2 ) :'" P2'
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I Definition of the Airshed

Air quality objectives Meteorology Air quality trends

Assemble Assemble historical Asserr
meteorological air quality data case €

data for region by SOUl

I I
l l
Statistical analysis
of air quality data

~
Selection of periods
to be examined, and

averaging times

I Evaluatian of air quality modeling methodologies
and their ability to reproduce observed concentrations

~
Identification and economic

optimization of individual -
control strategies

Meteorology. Emissions

I Chemical interactions Emissions to I I Economic assessment Iover airshed air quality model of control strategy

Ambient Control
air strategy

quality cost

Air quality objectives Evaluation of control strategy effectiveness
against air quality objectives

I A Set of Least Cost Control Strategies That Achieve Specified Air

Figure 9.6 Comprehensive structure of the problem of determining a least-cost set of control
actions to achieve specified air quality in an airshed.
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constraints lie in the crosshatched admissible .air quality region. The minimum cost of
meeting the two air quality constraints is Cs and the solution is to reduce emissions to
point A.

For applications of mathematical programming to air pollution control, we refer
the reader to Kyan and Seinfeld (1972, 1974), Bird and Kortanek (1974), Trijonis (1974),
Kahn (1978), and Cass (1981). In addition, Sullivan and Hackett (1973), Schweizer
(1974), and Dejax and Gazis (1976) have considered the optimal electric power dispatch­
ing problem to achieve air quality constraints.

Figure 9.6 gives a comprehensive picture of the air quality control problem for an
airshed. The large block in the upper left-hand portion of Figure 9.6 indicates the air
quality modeling aspects, whereas that in the upper right-hand portion summarizes the
identification of control tactics. Both inputs then feed into the overall economic opti­
mization in the box in the lower part of the figure. This figure thus attempts to summarize
the material in this chapter indicating how the various components of the airshed abate­
ment problem must be attacked.

PROBLEMS

9.1. For the example in Section 9.2 calculate and plot the total cost C as a function of the level
of emission reduction.
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A

Absorption, 479
Accommodation coefficient, 380
Acetylene, role in soot formation, 376-377
Adiabatic flame temperature, 78-80
Adsorption, 479, 497-502

equipment, 503
isotherm, 498
zone, 500

Aerosol, 290
Agglomeration, 328
Air pollutants, 4-5

hazardous, 7
organic, 3, 6, 7

Air pollution
control strategies, 521-524
control, long-term, 524-526
engineering, 2
study of, 1

Aldehydes, 104-105
Alkenes, 104
Alumina, 266
Aluminosilicates, 360
Ammonia, 4

formation in combustion, 181
injection, 192-198
use in NOx control, 192-198

Arrhenius form, 23

Ash, 358
aerosol, 370
formation from coal, 359
mechanisms of formation of, 360-361,

363
size distributions, 362, 364
trace elements in, 359
vaporization, 364-370

Atomizers, 143
Autocorrelation

Eulerian, 48
Avalanche, electron, 416

B

Baghouse, 452
Bassett history integral, 298
Bed

filter, 433
fluidized, 145

BET method, 154, 220
Binomial distribution, 41, 42
Blowby,261
Blowdown, 260
Boltzmann constant, 22
Boltzmann distribution, 342, 420
Bond strengths, 103
Brake mean effective pressure (BMEP), 248
Brake specific fuel consumption (BSFC),

228
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Brownian diffusion, 392, 435
Brownian motion, 308-312
Bunsen burner, 114
Burke and Schumann model, 127

c
Calcites, 360
Calcium, species vapor pressures, 369
Carbon dioxide, 4
Carbon monoxide, 5

oxidation quenching, 204
role in combustion, 201 et seq.

Carburetor, 254-259
Catalyst, three-way, 267
Cenosphere, 360
Chapman-Enskog, 295, 318
Char, 147, 372

oxidation, 149 et seq.
role in NO, formation, 190

Charging
diffusion, 420-423
field, 418-420

Chemical potential, 81
Chemiluminescence, 127
Choke, 258
Clapeyron equation, 138
Clean Air Act, 11

Amendments, 11
Coagulation

characteristic time for, 338-339
coefficient, 328, 331
equation, 331-337

Coal,61-62
ash content of, 365
combustion systems, 146-147
composition of, 64-66
devolatilization, 146-149
mineral inclusions in, 360
nitrogen content of, 180
particles, 157

Coefficient of skewness, 42
Coefficient of variation, 42
Coke, 372-373
Collision

frequency of gas molecules, 22
Combustion

equilibria, 98-100
kinetics, 101-113
staged, 191
stoichiometry, 63-67

Compression ratio, 229
Control volume, 68
Convection, forced, 145
Converter, catalytic, 266-267

Index

Corona (see Electrostatic Precipitation)
Costs

control, 524
damage, 524

Crank angle, 227
Crankcase, 261
Creeping flow, 291
Crevice, piston, 244
Cyclone separators, 402-411

dimensions of, 408
laminar flow, 404-406
Leith-Licht theory, 410
turbulent flow, 406-408

Cylinder
collection efficiency of, 449-452
deposition of particles on

Brownian diffusion, 438-440
Impaction, 441-445
Interception, 440-441

flow field around, 436-437

D

Dalton's law, 83
Detailed balancing, 24, 94-96
Diameter

aerodynamic, 307
aerodynamic impaction, 308
classical aerodynamic, 308
cut, 394
median, 326
Stokes, 307

Dibutylphthalate, 320, 344
Diesel (see Engine, diesel)
Diesel filter, 475-476
Diesel particulate matter, 386
Diffusiophoresis, 314
Discharge coefficient, 143
Drag, 291
Drag coefficient, 292-293, 305-307
Driving cycle, 6
Dual alkalai, 509

E

Eddies, 127
Effectiveness factor, 156
Efficiency

collection, 393
fractional, 394
grade, 394
overall, 393

Effusion flux, 316
Electric field

motion of a particle in, 305
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Electron beam process, 516-517
Electrostatic precipitation, 411-432

corona, 415-417, 426
Deutsch equation, 415
electric field in, 425-429
particle charging in, 417-425

Elemental potentials, 98
Elution, 499
Emissivity, 151
Energy

activation, 22
internal, 68
kinetic, 68
total, 68

Engine
diesel, 269-272

direct injection (Ol), 269
indirect injection (101), 270

gas turbine, 280-284
spark-ignition, 227
stratified charge, 277-280

Ensemble, 310
Ensemble average, 48
Enthalpy

of combustion, 75-76
of formation, 71, 73
of reaction, 70

Entropy
partial molar, 82
reference, 73

Equation
conservation of energy, 33
convective diffusion, 30
general dynamic for aerosols, 328-331

Equilibrium
conditions for thermodynamics, 81-83
partial, 186, 206-210

Equilibrium constant, 24, 83
temperature dependence of, 83-87, 103

Equivalence ratio, 66
Error function, 326
Ethane, pyrolysis of, 27-29
Evaporative emissions, 261-264
Excess air, 66
Exhaust gas recirculation (EGR), 252
Expectation, 39
Exponential distribution, 44
Extent of reaction, 18-19, 82-83

F

Fick's law, 30,480
Filtration

by granular bed, 455-456
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collection efficiency by inertial impaction
and interception, 446-448

collection efficiency of a filter bed, 433
industrial fabric, 452-455

Flame, 113
diffusion, 113, 126, 127
laminar, 115, 116, 126
premixed, 113, 116, 120
speed, laminar, 113, 116-118
thickness, 118, 124
turbulent, 115, 120, 127

Flash point, 61
Flow coefficient, 255
Flue gas desulfurization (FGD), 505
Flue gas recycle, 191
Flux matching, 317
Fly ash, 360
Fourier's law, 34
Friction coefficient, 296
Friction factor, 125
Fuchs, 317-318, 332
Fuel NOx , 179-183

control, 191
Fuel/air ratio, 63
Fuels

properties of gaseous, 60
properties of liquid, 61
properties of solid, 62

G

Galileo number, 306
Gamma distribution, 45
Gas absorption, 484-497
Gas constant, universal, 55
Gas, natural, 60
Gasoline, 6
Gaussian distribution (see Normal

distribution)
Gibbs free energy, 81

in particle-gas system, 341
minimization of, 96

Gravity, API, 61
Growth law, 330
Gypsum, 219

H

Hamaker theory, 334
Heat of reaction, 23
Heat transfer coefficient, 151
Heating value

higher (HHV), 76
lower (LHV), 76

Henry's law, 483
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Heteroatoms, 358
Hot soak, 262
Hydrocarbons

in ambient air. 6
non-methane, 5
polycyclic aromatic, 215-216
pyrolysis kinetics, 26-29
unburned, 244-247

Hydrogen cyanide, 181
Hydrogen peroxide, 105
Hydrogen sulfide, 4

Impaction, 435
Impactor, cascade, 301-304
Incineration, 480
Indicated mean effective pressure (IMEP),

248
Indicated specific fuel consumption (ISFC),

248
Inertial subrange, 47
Initiation, 102
Interception, 435
Isocyanic acid, 198

K

Kelvin effect, 319, 341
Kerosene, 61

equilibrium composition and temperature
for combustion of, 99-100

Kinetics, chemical, 17-29
Knock,229
Knudsen number, 154, 293-295
Kolmogorov micro scales, 47
Kronecker delta, 328
Kuwabara, 437

L

Lagrange multipliers, 97
Langevin equation, 308
Lewis number, 141
LIMB, 221
Lime, 219, 505

PH control in, 509-511
scrubbing, 506-509

Limestone, 220, 505
scrubbing, 506-509

Linear programming, 526-527
Log-normal distribution, 325-327, 354-356

Index

M

Magnesites, 360
Magnesium oxide, 511
Mass transfer coefficient, 482
Mass, reduced, 22
Mean, 39
Mean effective pressure (MEP), 248
Mean free path, 293-294
Mechanism, 101

global, 108-111
Microscale, 49-51

concentration, 53, 121-122, 133
Kolmogorov, 47
Taylor, 50, 121-122

Millikan, 296
Mixing

turbulent, 133-135
characteristic time for, 133

Mobility
electrical, 305
particle, 312

Moments, of probability distributions, 41
central, 41
noncentral,41

Motor vehicle exhaust aerosols, 385

N

National Ambient Air Quality Standards
(NAAQS), 11, 14

Navier-Stokes equations, 291
New Source Performance Standards (NSPS),

11, 16
Newton's method, 86
Nitric oxide, 4
Nitrogen dioxide, 4

formation in combustion, 198-200
Nitrogen oxides, 2-3

ratios in emissions, 8
removal from effluent streams, 512

Normal (Gaussian) distribution, 44, 131,
325

Nucleation
homogeneous, 340-346
of volatilized ash, 371

Nusselt number, 151

o
Octane, combustion of, 64
Olefins (see Alkenes)
Operating line, 486
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Orifice
discharge coefficient for, 143

pressure drop across, 143
Ovcrfire air ports, 177
Ozone, 5

p

Particulate matter, 8
emission characteristics, 12-13
emissions in U.S., 10
motor vehicle emissions, 385-387
National Ambient Air Quality Standard,

15
Particulate organic compounds (POCs), 3
Parts per million, 5, 15-16
Penetration, 394
Phoretic effects, 313-315
Photophoresis, 314
Pluggage, soft, 507
PMIO,15
Poisson distribution, 40, 43, 45
Poisson equation, 435
Pore, 154

diffusivity of gas molecules in, 155
Positive crankcase ventilation (PCV), 261
Prandtl number, 151
Prevention of Significant Deterioration

(PSD), 11
Probability, 37

density function, 38
distribution function, 38-39
for local equivalence ratio, 130-131

Prompt NO, 174-176
Proximate analysis, 61
Pseudo-steady-state approximation (PSSA),

24-26
Pyridine, 181
Pyrites, 360
Pyrro1e, 181

Q

Quenching wall, 244

R

Radiation, 151
Radicals

hydroperoxyl, 104
hydroxyl, 106
peroxy, 104

Rate constants, 23
for combustion reactions, 112
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Reactions
branching, 105

chain carrying, 104
chain length, 27
chain propagation, 27
elementary, 19
independence of, 20-22
mechanism, 20
molecularity, 20

Reactor, thennal, 265
Regenerative process, 505, 511
Regime

continuum, 294, 315
free molecule, 294, 316
kinetic, 294, 316
transition, 294,316

Reid vapor pressure, 262
Resistivity, 417
Respiratory tract, deposition of aerosols in,

354
Reynolds number, 115, 291

for a cyclone, 409
for flow in a rectangular channel, 399

s
Schmidt number, 145
Scrubber

baffle, 459
cyclone, 459
fluidized-bed, 459
impingement, 459
packed-bed, 459
plate, 459
spray, 456, 459-463
venturi, 458, 467-469

Sedimentation, 391
Segregation factor, 128, 132
Selective catalytic reduction (SCR), 515
Selective noncata1ytic reduction, 514
Self-preserving distribution, 339-340

application to ash particles, 372
Settling chamber, 394-395

laminar flow, 396
plug flow, 398
turbulent flow, 399

Shell Flue Gas Treatment system, 513
Size distribution function, 321-323

sectional representation of, 347
self-preserving, 339-340

Slip correction factor, 295-296
Soot, 127, 373-375

composition of, 375
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Soot (COflhl.)
control of emissions, 381-385
fonnation, 375-379
oxidation, 379-381

Sound, speed of, 230
Space charge density, 425
Spark retard, 250
Specific fuel consumption (SFC), 248
Specific heat, 72
Speed, mean molecular, 316
Sphere, deposition of particles on, 463-466
Squish, 235
Stability of droplets, 142
Standard deviation, 42

geometric, 326
State Implementation Plans (SIP), 11
State, reference, 71
Stefan-Boltzmann constant, 151
Stiff equations, 107
Stoichiometric coefficient, 17
Stoichiometlic ratio, 66
Stokes law, 291-292
Stokes number, 304
Stokes-Einstein relation, 311
Stop distance, 300
Streamline, limiting, 441
Sulfur dioxide

annual emissions in U.S., 9-10
oxidation, 219
removal from effluent streams, 505-512

Sulfur oxides, 3
fonnation in combustion, 217-221

Sulfur trioxide, 217-218
Supercharger, 271
Surface tension, 143
Swirl, 128

T

Theoretical air, 66
Thennal de-NO, process, 192-198
Thennal NO" 168-174

control in combustors, 176-179
Thennodynamics

first law of, 68-77
Thennophoresis, 313
Thiele modulus, 156
ThioL 217
Thiophene, 217
Throttle, 254
Throwaway process, 505
Time

characteristic, 35-36
Ton, metric, 9

Index

Trajectory, critical, 441
Transfer number, 138, 366
Transfer unit, 488
Turbocharger, 271
Turbulence, 47

dissipation rate, 125
homogeneous, 48
in spark ignition engine, 235
intensity, 48
isotropic, 48
microscale, 49
scales of, 47
stationary, 48
statistical properties of, 48-51

u
Ultimate analysis, 59
Unifonn distribution, 44
Units, 54-55
Urea, 198

V

Valve
in internal combustion engine, 236, 259
poppet, 260

van der Waals forces, 333-334
van't Hoff's equation, 87
Variable

continuous, 38
discrete, 38
random, 36-42

Variance, 42
Velocity

drift, 312
electrical migration, 305, 423
terminal settling, 299

Venturi
carburetor, 254
scrubber, 467-468

Volatile organic compounds (VQCs), 3
Vortex, 245
Vortex tubes, 122

w
Water, nucleation of, 344-345
Weber number, 271
Wellmann-Lord process, 511
Wet collectors, 456-459
Work,68

pumping, 260

Z

Zeldovich mechanism, 168-172


